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Abstract
This series of papers on �55� ®lament-wound glass-®bre/
epoxy-resin tubes consists of three parts. In the present
paper (Part III), the macroscopic mechanical behaviour
of the tubular structure is presented. A method for pre-
dicting composite tube macroscopic properties from the
ply constants is given. A more general analytical method
is used for determining ply stresses of a composite tube
under a combined load, which will then be compared with
3D ®nite-element analysis, classical and adjusted laminate
theory. Failure envelope prediction is then made accord-
ing to the micro- and meso-scale model results. The
stresses distribution in the tube thickness direction
predicted by the present method agrees well with 3D
®nite-element analyses. Four methods give similar stress
distribution results under tensile loading, but di�erent
ones under internal pressure loading. For failure envelope
prediction, the ®rst-ply-failure theory underestimates the
failure load for pressure dominated loading. The e�ect of
possible micro structural damage on the failure load pre-
diction is also discussed and compared with experimental
results. In Part I (Bai et al. Compos. Sci. Technol.,
1997, 57, 141±153), the microstructure, mechanical
behaviour and damage initiation mechanisms were pre-
sented. In Part II (Bai et al. Compos. Sci. Technol.,
1997, 57, 155±164), micromechanical modelling of the
damage initiation was conducted in order to determine the
mechanical conditions under which di�erent microcrack-
ing mechanisms occur. # 1998 Elsevier Science Ltd. All
rights reserved

Keywords: meso and macromechanical modelling,
transverse cracking, delamination, stress analysis, fail-
ure criterion

1 INTRODUCTION

Extensive experimental investigations have been under-
taken on �55� ®lament-wound glass-®bre/epoxy-resin
tubes.1,3±14 Most studies were directed towards the pre-
diction of failure envelopes for thin-walled cylinders
with only a few wound layers. It was observed that
tubes tested under biaxial loading conditions failed with
greatly varying strengths, subsequently producing
asymmetric biaxial failure envelopes (axial failure
strength vs circumferential failure strength). The failure
envelopes depend strongly on the winding angles. Fila-
ment-wound tubes with a winding angle of �55� exhibit
higher strength under combined loading.5±7,9 Micro-
scopic observations for failure mechanisms of ®lament-
wound composite tubes under combined load were
conducted by Jones et al.,15 Carroll et al.4 and Bai et
al.,1 and revealed them to be dependent on the applied
stress ratio. In general, microcracking and delamination
were the most readily observed damage mechanisms and
any combination of the two constituted most failures.
Two types of microcracking were established, notably
cracking transverse to the ®bre direction (transverse
cracking) and cracking perpendicular to the loading
direction in the resin-rich zones (matrix cracking).
Transverse cracking is initiated at or near the ®bre/
matrix interface or at existing porosity and it propa-
gates through the ply thickness. This damage mode is
more frequently observed in the axial-loading-domi-
nated region. In the internal-pressure dominated region,
delamination is the main damage mode. It occurs more
often between two adjacent layers. Prior to delamina-
tion, whitening of the tube is commonly observed.

The functional failure of a pressurised composite
vessel or composite pipe in the form of leakage or
weeping of the contained gas or ¯uid is critical as far as
design and performance of the composite is concerned.
The leakage failure of a ®lament-wound ®bre-composite

Composites Science and Technology 58 (1998) 19±29
# 1998 Elsevier Science Ltd. All rights reserved

Printed in Northern Ireland
P I I : S 0 2 6 6 - 3 5 3 8 ( 9 7 ) 0 0 0 7 8 - X 0266-3538/98 $19.00

19

*To whom correspondence should be addressed.
yOn leave from Department of Applied Mechanics, Beijing
Institute of Technology, People's Republic of China



vessel, subjected to a combined internal pressure and axial
loading, is commonly viewed as a result of progressive
damage produced by the coalescence of forming micro-
cracks, creating a `through-thickness' crack path prior to
the complete loss of structural load bearing capability.1,3

Furthermore, the weepage in a piping system, i.e. ¯uid
penetration in the tube wall, can also alter the long-term
behaviour of the composite (ageing e�ects, etc.).10

Theoretical predictions of failure envelopes for com-
posite tubes under combined loading conditions have
been proved unsuccessful. Hinton et al.,5 basing their
work on classical laminate theory and mesoscale criteria
(Hill, maximum stress, Tsai-Wu), constructed failure
envelopes for composite tubes with di�erent winding
angles. They found that all classical mesoscale criteria
yielded predictions that were much too conservative,
although prediction for axial loading conditions seemed
acceptable.5,13,14

In our study, we shall consider a composite tube
designed to transfer ¯uid for the cooling water, mon-
itoring and ®re system in nuclear power stations. It is
made of six plies according to the lay-up sequence (55�/
ÿ55�)3. Each laminate contains 56 vol% glass ®bre
(®bre: Young's Modulus E = 73.8GPa, Poisson ratio
�=0.23) and epoxy resin (resin: E=3.4GPa, �=0.35).
The work is presented in three parts. In the current
paper (Part III), macroscopic behaviour of the tubular
structure with and without damage is presented. A
method for predicting composite tube macroscopic
properties (elastic constants for example) from its ply
constants is given. A more precise analytical method is
presented for determining ply stresses of a composite
tube which is then compared with 3D ®nite-element
analysis. With the determined stresses and a maximum
stress criterion, the failure envelope of the composite
tube will be evaluated and compared with the experi-
mental values. The e�ect of damage on these predictions
will also be discussed.

2 DETERMINATION OF STRESS FIELDS AT
TUBE AND PLY SCALE

2.1 Analytical method
One of the concerns in structural design is the develop-
ment of analytical or numerical methods for determin-
ing the responses under various loading conditions. The
stress ®eld of a single anisotropic cylinder layer due to
mechanical loading was considered by Pagano.16 For
symmetric angle-ply composite tubes, Roy and Tsai17

considered two symmetric plies as an orthotropic unit
and evaluated the stress ®eld of a composite tube under
combined internal pressure and tension loading. With
the help of Lekhnitskii's stress functions, Yuan18 pro-
posed a more precise analysis for a composite tube
loaded by internal pressure. Recently Sayir and Mota-
valli19 proposed an adjusted version of the laminate
theory for stress analysis of composite tubes under

uniform internal pressure. In our analysis, this method
will be followed and modi®ed in order to take into
account axial loading. The results will be compared with
those obtained by the classical laminate theory, the
adjusted version of the laminate theory recently pro-
posed by Sayir and Motavalli19 and 3D ®nite-element
method.

Consider a laminated cylindrical shell made of ®bre-
reinforced laminae and subjected to internal pressure
and axial loading, where the free-end e�ect is neglected.
It is assumed that the axis of anisotropy coincides with
the longitudinal x3 axis (as shown in Fig. 1).

The stress and engineering strain relationships in the
tube reference (o�-axis) for each ply can be expressed as
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Connection between this o�-axis ply compliance tensor
and the compliance tensor Sij in the material reference
(x01x

0
2x
0
3 as shown in Fig. 1) is given in Appendix 1. As a

result of axisymmetric deformation, one can establish a
system of coupled governing di�erential equations in
terms of Lekhnitskii's stress functions for an individual
lamina:18
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Fig. 1. Local and global reference systems.
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and ~Sij the reduced compliance constants de®ned by
~Sij � Sij ÿ Si3Sj3=S33 for i, j=1,2,4,5,6. The stress com-
ponents can be expressed as

�r � �1A3 � �2A4r� �1� �1�r�1ÿ1C1

� �1� �2�r�2ÿ1C2

�3�
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The above solution applies to each individual ply. For a
composite tube of N layers, the unknown constants A3,
A4, C1, C2 for the kth ply are determined by the follow-
ing equations:

�kr � �k�1r ; ukr � uk�1r ; Ak
3 � Ak�1

3 ;

Ak
4 � Ak�1

4 for k � 1;Nÿ 1
�10�

and �Or � ÿp; �Nr � 0 for internal pressure condition.
For an axial load, they are replaced by the following
equivalent resultant forces and moments�

A

2��zr dr d� � F;

�
A

2��z�r
2 dr d� � 0 �11�

where F is the applied axial load and A the area of tube
cross section. F=0 for pure internal pressure loading.
The stress ®eld in each ply can be obtained by solving
the above equations.

2.2 Applications
An application of the method described above serves to
determine the stress distribution for an angle ply com-
posite tube. For the composite tube considered, the ®bre
volume fraction of unidirectional lamina is 0.56. The
material constants of each ply are determined by a
micromechanical model.2 The internal radius of the
composite tube is 30mm, the thickness of each layer
being 0.417mm. The lay-up sequence of the composite
is (55�/ÿ55�)3. The stress distribution in each ply in the
case of pure internal pressure ( p=10MPa, i.e.
���=120MPa) is shown in Fig. 2(a). By transforming
the stresses expressed in the tube reference into local ply
co-ordinates, we obtain the results depicted in Fig. 2(b).
In the case of axial loading (F=10kN, i.e.
�zz=20.37MPa), the stress distributions in di�erent co-
ordinates are illustrated in Fig. 3(a) and (b).

2.3 Comparison with other methods

2.3.1 Comparison with the Adjusted Laminate Theory
Recently Sayir and Motavalli19 proposed a modi®ed
laminate method to evaluate stress distribution far from
the free edges of a composite tube subjected to a pure
internal pressure. The idea of this method is to use
average ply stresses and strains. It is assumed that the
longitudinal strain and the in-plane shear strains are
constant throughout the tube thickness and length.
Using average stress and strain in each layer, the ith

ply's constitutive equation can be written as follows
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where ui1 is the radial displacement of the ith ply, Sk
ij the

kth ply's compliance tensor in the tube reference; hi the
thickness of the ith layer; Ri the radius from the middle
of the ith ply to the tube centre; and pi the pressure
applied on the ith layer, its value is known on the inter-
nal and external plies. The previous eqns together with
the following global equilibrium relationships enable the
determination of the unknown quantities:

XN
i�1

Ai� i
33 � Pz � F �16�

hi�
i
22 � Ri ÿ hi

2

� �
piÿ1 ÿ Ri � hi

2
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pi for i � 1;N

�17�

XN
i�1

Ai� i
23 � 0 �18�

For comparison purpose, a tube of laminate sequence
(55�/ÿ55�/55�/ÿ55�)s is considered. The material con-
stants of each ply in the principle axis are

E1 � 43�8GPa; Et � 12�5GPa; G1 � 4�55GPa;
Gt � 4�55GPa; vt � 0�31; vt � 0�38

The inner radius of this tube is R0 � 33mm and the
ply thickness is 0.53mm. The stress distributions calcu-
lated by the two methods for both composite tubes are
shown in Fig. 4.

The results in Fig. 4 exhibit some discrepancy.
Adjusted laminated theory gives lower values than by
our approach. The biggest di�erence is for the in-plane
shear stress �zth. This is due to the global equilibrium
conditions given in eqns (11) and (18). They will be fur-
ther compared with 3D ®nite-element analysis which
could be considered as reference case.

2.3.2 Comparison with the Classical Laminate Theory
The proposed theory is also compared with the classical
laminate theory. The results for the studied composite

Fig. 3. (a) Stress distribution through the tube thickness
expressed in global co-ordinates in a composite tube under
pure tension (F=10kN, �zz=20.37MPa); (b) stress distribu-
tion through the tube thickness expressed in local co-ordinates
in a composite tube under pure tension (F=10kN,

�zz=20.37MPa).

Fig. 2. (a) Stress distribution through the tube thickness
expressed in global co-ordinates in a composite tube under
pure internal pressure ( p � 10MPa, ��� � 120MPa); (b) stress
distribution through the tube thickness expressed in local
co-ordinates in a composite tube under pure internal pressure

( p � 10MPa, ��� � 120MPa).
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are given in Tables 1 and 2. At least three values are
needed to show the variation of the stresses in the
thickness direction, at internal, middle thickness and
external point. They exhibit some oscillation under pure
internal pressure loading, being largest for �011. The
tensile �022 may have direct e�ect on the critical load for
transverse crack initiation, compared to compressive
�022 by other methods. The di�erence and the oscillation
are not signi®cant for tensile loading case.

2.3.3 Comparison with ®nite-element results
3D ®nite-element analysis was also conducted20 in order
to compare the results of the di�erent methods. The
whole tube was analysed to avoid possible boundary
condition e�ects. The internal pressure and the tensile
force imposed on the tube extremity are uniformly dis-
tributed on the corresponding faces. No other special
boundary conditions were applied. It has been con-
®rmed that the 3D numerical results can be used as
reference of stress distribution for comparison purpose
in varying the element size and the boundary condi-
tions.20 Tables 1 and 2 give the comparisons between
the di�erent methods. It is seen that the present analytical
method agrees well with the 3D ®nite-element results.

2.4 In¯uence of a matrix layer
There is often an interply resin layer in ®lament-wound
tubes.1 In order to examine the e�ect of this layer on the
stress distribution in the plies, we shall illustrate the
in¯uence on stress distribution (only in the case of pure
internal pressure) of a 30�m matrix layer located at the
interface of the two internal plies by using the method
described in Section 2.2. The results show that the pre-
sence of this matrix layer has little e�ect on the stress
distribution in the tube (Fig. 5).

For a composite tube with a 30�m matrix layer
between the ®rst and the second plies, under
p � 10MPa internal pressure, the stress components in
the matrix layer are (in tube reference) �rr � ÿ8�14MPa,
��� � ÿ16�1MPa, �zz � ÿ12�3MPa, �z� � 0�005MPa,
while for the composite tube under pure tension
(F � 10 kN, �ZZ=20.37MPa), the stresses are
�rr � ÿ0�0023MPa, ��� � ÿ0�65MPa, �zz � 6�4MPa,
�z� � 0�005MPa. In the case of pure internal pressure,
the absolute value of stress �zz in the matrix layer is
higher compared to the stresses in the composite layers.

3 COMPOSITE TUBE MACROSCOPIC
BEHAVIOUR

3.1 Composite tube moduli
In this section, the composite tube will be treated as
being made of a homogeneous material, and the con-
stants of this e�ective homogeneous material will be
determined from ply properties. This will enable us to
establish a relationship between composite tube elastic
constants and their ply properties. This also makes it
possible to compare directly with experimental results.

Such research work has already been performed by
many authors21,22 with di�erent simpli®cations. Usually
in-plane elastic constants of a composite tube can be
evaluated by classical laminate theory. Some simpli®ca-
tions are needed to derive the elastic constants
throughout the tube thickness. In our analysis, the
method proposed by Al-Khalil et al.22 are used, which

Fig. 4. Comparison with the adjusted laminated theory for
composite tube (55�/ÿ55�/55�/ÿ55�)s (®lled symbols: adjusted

laminated theory).

Table 1. Stress distribution from inner to external ply (internal pressure 10MPa)

�011 �022 �033 �013 �023 �012

Roy±Tsai model 102Ð92 ÿ10Ðÿ10 ÿ10Ð0 0 0 ÿ40Ð40
Classical laminate theory 88.6Ð150Ð86.4 7Ðÿ3Ð7 0 0 0 ÿ45Ð40Ð45
Present authors 130.7Ð115.9 ÿ3.7Ðÿ2.2 ÿ10Ð0 0 0 ÿ42.1Ð39.9
3D ®nite-element 130.3Ð119 ÿ3.5Ðÿ2.4 ÿ10Ð0 0 0 ÿ42.1Ð41.7

Table 2. Stress distribution from inner to external ply (axial load 10 kN)

�011 �022 �033 �013 �023 �012

Roy±Tsai model 7 0Ð7.0 12Ð12 0 0 0 10Ðÿ10
Classical laminate theory 7.1Ð10Ð7 11.9Ð11.6Ð11.9 0 0 0 10.2Ðÿ10.2
Present authors 8.6Ð9.0 11.4Ð11.6 0 0 0 10.4Ðÿ10.3
3D ®nite-element 8.6Ð9.0 11.5Ð11.6 0 0 0 11.3Ðÿ11.3
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includes: (1) normal stress throughout the tube thick-
ness are constant, (2) out of plane shear strains are
considered constant throughout the composite tube
thickness. The reference system used here is: 11Ðradial
direction, 22Ðhoop direction and 33Ðtube axis direc-
tion. The ®nal results are reported in Appendix 2:

E22 � M

C11C33 ÿ C13C13
; E33 � M

C11C22 ÿ C12C12
;

E11 � M

C22C33 ÿ C23C23

�32 � ÿC12C13 ÿ C11C23

C11C22 ÿ C12C12
; �23 � ÿC12C13 ÿ C11C23

C11C33 ÿ C13C13
;

�12 � ÿ "22
"11
� ÿC12C23 ÿ C12C33

C22C33 ÿ C23C23

G23 � C44 ÿ C14C14

C11
; G13 � C55; G12 � C66

�19�

where

M � C11C22C33 ÿ C13C13C22 ÿ C23C23C11

ÿ C12C12C33 � 2C12C13C23;

Cij are the sti�ness tensor of the ply in tube reference.
Application to the studied composite tube gives the

results reported in Table 3, where the ®nite-element
calculation,20 micromechanical modelling2 and experi-

mental results1 are also shown for comparison purposes.
The ply sti�ness is calculated by the Mori±Tanaka
model.12 A quick comparison shows an acceptable
agreement for the results obtained by di�erent methods,
except for the value of E33 which is the tube axis mod-
ulus. Experimental measurement gave a higher average
value than the other methods with a large scatter.

3.2 Composite tube failure prediction
Prediction of the failure load for composite tubes is
essential for their design and optimisation. In this sec-
tion, a tentative using mesoscale criterion is presented to
elucidate some obscurities between the model and reality.

3.2.1 Mesoscopic criterionÐmaximum stress criterion
A simple maximum stress criterion is used ®rst to pre-
dict ply failure. If ply stresses in principle material
reference exceed certain critical values, this individual
ply fails. The corresponding load level is usually refer-
red as ®rst ply failure load. The criterion can be simply
written as

ÿXc � �011 � Xt; ÿYc � �022;
�033 � Yt; j�012j � S

�20�

The ply stresses �011; �
0
22; �

0
33 and �012 (in principle mate-

rial axis) can be easily determined by either the ®nite-
element method or the analytical method described
previously. For the studied composite, the critical ply
strengths were taken from similar materials studied by
Hinton et al.5 They are

Xc � 1280 MPa; Xt � 525 MPa;

Yt � 40 MPa; Yc � 145 MPa; S � 73 MPa

In this study, the stresses obtained by the analytical
method are used as input to predict the composite tube
failure load. The predicted results (®rst ply failure loads)
together with the experimental ones are shown in Fig. 6.1

It should be mentioned that the di�erence in the nature
of those results, being the ®rst-ply failure for the max-
imum stress criterion and microscale damage initiation
for the experimental observations.

It is shown that, except for the case of pure tension,
the predicted results underestimate the failure load
compared to experimental values, especially for the
combined loading case. This con®rms the results by

Fig. 5. In¯uence of a matrix layer on the stress distribution
throughout the tube thickness expressed in the global tube

reference (p=10MPa, ���=120MPa).

Table 3. Comparison of the elastic constants obtained by di�erent methods

(GPa) E11 E22 E33 G12 G13 G23 �12 �23 �32

1 19.0±25.0 9.8±10.9a 0.38ÿ 0.59ÿ
14.4±15.0b 0.40 0.77

2 10.9 18.6 10.4 3.88 3.73 10.9 0.08 0.4 0.72
3 19.225 10.1
4 11.36 20.9 10.48 3.89 3.73 13.1 0.04 0.419 0.839

1. Experimental results (aby 120mm strain gauge, b by 50mm extensometer),1; 2. Present authors; 3. 3D Finite-Element method,20;
4. Mori±Tanaka theory for orthotropic bi-plies.2
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Hinton et al.5 that the ®ve existing criteria (Tsai-Wu,
Hill, etc.) give systematically underestimated prediction
for ®rst-ply failure load. This large discrepancy between
the prediction and the tests could not be explained by
the eventual scatter in the input data for criteria due to
the composite tube manufacture and quality variation.

3.2.2 Hashin's criterion23±25

The basic idea of this criterion is that the failure of a
laminate depends solely on the stresses in the failure
plane. There are two modes of laminate failure: (1) ®bre
fracture mode, where the normal of the failure plane, is
parallel to the ®bre direction, and (2) matrix failure
mode. Di�erent criteria should be used for these two
modes of failure. The predicted results are not improved
compared to the maximum stress criterion.

4 DISCUSSION

4.1 In¯uence of microscale damage on stress distribution
The structural stress state analysis in this paper is gen-
erally based on an ideal distribution of ®bres, without
any microstructural damage. By micromechanical mod-
elling, it is shown that microstructural damage was
initiated for quite low stress levels. For example,
���=120MPa for pure internal pressure loading with
sliding at the interface by interfacial shear stress. This

kind of sliding at the interface was observed on a pre-
polished free surface at about ���=ÿ90MPa in com-
pression and ���=140MPa in hoop tensile tests.26 The
pure internal pressure stress state was produced with a
recently developed notched ring test method while
compression tests were made on cubes cut from the
composite tubes.27,28 In this section, the method pre-
sented in section 2 will be used to evaluate the stress
redistribution for a tube with damage in the ®rst ply or
all six plies.

To simulate the tendency of the in¯uence of the e�ect
of this damage, one possibility is to use extremely low
values of E33 (transverse modulus) and G23 (in-plane
shear modulus) for the internal ply. They correspond,
respectively, to the transverse cracking and in-plane
sliding at the interface, along the ®bres. According to
the assumption of the micro-damage mechanisms
involved, the ply could retain transverse isotropy or
become an orthotropic material. Notable di�erences
were found for tensile loading and internal pressure
loading. For internal pressure loading (p � 10MPa), the
stresses were almost una�ected by the damage. The
compressive transverse stress (perpendicular to the
®bres) even increased its absolute value (from ÿ3MPa
to ÿ11MPa), which prevented further propagation of
eventual interfacial cracks. By contrast, for tensile
loading (F � 10 kN), the stresses were comparatively
more a�ected by the introduced damage. The transverse
stress increased from 11 to 14MPa, while the long-
itudinal stress along ®bre increased from 8 to 11MPa,
and the transverse shear stress increased from 10 to
13MPa.

To evaluate the e�ect of damage separately, only one
mechanism is taken into consideration in the following
simulation. Figure 7(a) shows the stresses, which are
signi®cantly a�ected, in the ®rst ply for di�erent Et

values used in all six plies under tensile loading. The
choice of ®rst ply to display the stress evolution is only
for clarity of expression. It is to simulate the case of
matrix and transverse cracking in the whole thickness of
tubes. It can be seen that �011 and �012 increase with
decreasing transverse modulus, Et, while �

0
22 decreases.

Under pure internal pressure loading, the in-plane shear

Fig. 6. Comparison between mesoscale prediction and experi-
mental results.

Fig. 7. Stress redistribution in the ®rst ply under tensile and pure internal pressure loading as function of Et and Glt values in all
six plies.

Mechanical behaviour of �55� ®lament-wound glass-®bre/epoxy-resin tubesÐIII 25



modulus is changed. The values of compressive �022
increase from about ÿ4 to ÿ44MPa.

The above results support the idea that under pure
internal pressure loading, microscale damage is not det-
rimental to the loading-bearing capacity, but may a�ect
the functional performance (leakage failure, for exam-
ple). This also con®rms the bene®cial e�ect of using
lined tubes in which the liner acts as a weepage bar-
rier.4,5 This also explains why in principal tensile load-
ing regions, the tubes are more sensitive to microscale
damage. The damage in this case develops more sig-
ni®cantly under this kind loading. This idea will also be
discussed in the Section 4.3.

4.2 E�ect of local delamination
To evaluate the in¯uence of local delamination on the
macroscopical behaviour of tubes, as in the previous
section, stress state analysis was performed by the ®nite-
element method20 on the same structure but introducing
a very weak interply layer between the ®rst two internal
plies. The area of this weak layer was then increased
progressively. The results showed that macroscopic
behaviour was almost una�ected by this layer. To give
an idea of that, E�� changed from 19225MPa for the
initial structure to 18443MPa, with a generalised dela-
mination (4% variation) and no change in Ezz.

A slightly larger change of elastic energy stored in the
structure was found for propagation of delamination in
the longitudinal direction than for propagation in the
transverse direction. This is very small, however, indi-
cating the insensitivity of the structure to damage due to
delamination (G1 � 10 J mÿ2 compared to G1c � 100±
150 J mÿ2). This conclusion agrees well with the absence
of in¯uence of introduced disks (see Section 3.2 of Part I
of this series of papers)1 on the macroscopical mechan-
ical properties. They may, however, modify the local
stress ®eld and thus produce earlier local delamination
(local debonding between the disk edge and matrix).

4.3 Improvement of the prediction of failure envelopes
To improve predicted results, the last-ply failure load
concept can be utilised as the strength of composite
tubes to calculate the corresponding load. The idea is as
follows: for composite materials, the failure of one ply
does not lead to catastrophic fracture of the composite
material itself. The composite structure can still support
an increasing load until a catastrophic failure occurs. To
simulate stress redistribution due to a ply fracture, the
failed ply's constants are degraded to represent the loss
of its load-bearing capacity.

In our case, from micromechanical modelling it is
shown that microstructural damage was initiated at
quite low stress levels. For example, ��� � 120MPa for
pure internal pressure loading with sliding at the inter-
face by interfacial shear stress. We shall now illustrate
the crucial in¯uence of some parameters on predicted
results. We keep all other ply elastic constants unchan-
ged and reduce Glt from 3.93GPa to 1.5GPa (more or

less the matrix shear modulus). This change of ply shear
modulus is chosen for two reasons: (1) ply shear stress
and strain relationship is usually non-linear owing to the
viscous nature of the matrix29,30,4 and the longitudinal
shear modulus predicted by elastic micromechanical
model is usually higher; (2) In the internal-pressure-
dominated region, the large shear stresses can somehow
induce sliding along the ®bre solidus matrix interface,
which in turn will reduce this shear modulus.2 The pre-
dicted results are shown in Fig. 8. It can be seen that the
in¯uence of this parameter on the predicted results is
signi®cant.

5 CONCLUSION

The following conclusions can be drawn:
An analytical method for analysing the stress dis-

tribution in a laminated composite tube under combined
load has been presented. Results predicted by this
method agree with 3D ®nite-element analyses. This
method is quite simple and can be combined with a
micromechanics model to analyse the in¯uence of fab-
rication defects (such as the presence of a matrix layer,
®bre disorientation, voids, etc.) on stress distribution in
the tube. Comparison was also made between the results
obtained by di�erent methods. It can be concluded that
they all give similar stress distribution results under
tensile loading, but di�erent results under internal pres-
sure loading.

A method for determining the elastic constants of a
composite tube is also given. Comparison shows an
acceptable agreement for the results obtained by di�er-
ent methods, except for the value of the tube axial
modulus E33. Experimental measurement gives a higher
average value than the other methods with a large
scatter.

Fig. 8. Comparison between the di�erent models (normalÐ
interfacial failure by normal stress, shearÐinterfacial failure
by shear stress, voidsÐcracking at voids, max stressÐply

failure criteria) and the experimental results.1
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Failure envelopes for our composite tube were pre-
dicted on the basis of di�erent criteria at di�erent scales
(mesoscopic, microscopic). The predicted results in an
internal-pressure-dominated region are conservative
compared with experimental results. The possible
improvement may reside in introducing a variation of
the shear modulus to account for viscous matrix e�ects
and interfacial sliding.
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APPENDIX 1

The relationship between the o�-axis and axis com-
pliance tensors

S11 � S033
S12 � S21 � S013 cos2 � � S023 sin �

S13 � S31 � S013 sin2 � � S023 cos2 �

S14 � S41 � 2 sin � cos ��S013 ÿ S023�
S22 � S011 cos4 � � 2S012 cos2 � sin2 � � S022 sin4 �

� S066 cos2 � sin2 �

S23 � S32 � 1

8
�S011 � 6S012 � S022 ÿ S066

ÿ �S011 ÿ 2S012 � S022 ÿ S066� cos 4��
S24 � S42 � 1

2
�S011 ÿ S022 � �S011 ÿ 2S012

� S022 ÿ S66� cos 2�� sin 2�

S33 � S011 sin4 � � 2S012 sin2 � cos2 � � S022 cos4 �

� S066 sin2 � cos2 �

S34 � S43 � 1

2
�S011 ÿ S022 ÿ �S011 ÿ 2S012

� S022 ÿ S066� cos 2�� sin 2�

S44 � �S011 ÿ 2S012 � S022� sin2 2� � S066 cos2 2�

S55 � S044 cos2 � � S055 sin2 �

S56 � S65 � �S055 ÿ S044� sin � cos �

S66 � S055 cos2 � � S044 sin2 �

�A1�

APPENDIX 2

Determination of composite tube elastic constants
We have the following o�-axis (tube reference) stress
and strain relation in the form of a sti�ness tensor for
an individual ply:

�11
�22
�33
�23
�13
�12

26666664

37777775 �
C11 C12 C13 C14

C12 C22 C23 C24

C13 C23 C33 C34

C14 C24 C34 C44

C55 C56

C56 C66

26666664

37777775
"11
"22
"33
"23
"13
"12

26666664

37777775
�A2:1�

Now let us ®rst consider in plane stresses �22, �33, �23;
they can be related to the corresponding strains and �11
by:

�22

�33

�23

264
375 �

C22 ÿ C12C12

C11
C23 ÿ C12C13

C11
C24 ÿ C12C14

C11

C23 ÿ C12C13

C11
C33 ÿ C13C13

C11
C34 ÿ C13C14

C11

C24 ÿ C12C14

C11
C34 ÿ C13C14

C11
C44 ÿ C14C14

C11

266664
377775

"22

"33

"23

264
375�

C12

C11

C13

C11

C14

C11

2664
3775

�A2:2�

Laminate theory assumed that plane sections remain
plane and perpendicular to the mid-plane of a laminate.
For such a lamina, only under in-plane loads, the cur-
vature and twist are negligible. So the lamina deforma-
tions are constant, that is

"22 � "022; "33 � "033; "23 � "023 �A2:3�

where "022, "
0
33, "

0
23 indicate mid-plane strains.

Resultant in-plane forces are

N2

N3

N23

8<:
9=; � A22 A23 A24

A23 A33 A34

A24 A34 A44

24 35 "22
"33
"23

8<:
9=;� H2

H3

H4

8<:
9=;�11
�A2:4�

(here �11 is assumed constant throughout the tube
thickness) where

Aij �
Xn
k�1
�wij�ktk; Hi �

Xn
k�1

C1i

C11

� �
k

tk;

wij � Cij ÿ C1iC1j

C11

and i; j � 2,3,4, tk is the thickness of the kth ply.
For out of plane shear stresses, since "12; "13 are con-

stant in tube thickness, the shear forces per unit width
are given by

Q5

Q6

� �
�
Xn
k�1

�xk1
xkÿ1
1

�13

�12

� �
dx1

� A55 A56

A56 A66

� �
"013
"012

" # �A2:5�

and Aij �
Pn
k�1

Cij

ÿ �
k
tk, for i; j � 5; 6.

For a symmetric angle ply tube (��) with the same
ply thickness, eqns (A2.4) and (A2.5) become
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N2

N3

N23

8><>:
9>=>; �

A22 A23 0

A23 A33 0

0 0 A44

264
375 "22

"33

"23

8><>:
9>=>;�

H2

H3

0

8><>:
9>=>;�11;

Q5

Q6

� �
� A55 0

0 A66

� �
"013
"012

" #
�A2:6�

with Aij � ntwij for i; j � 2; 3 and for i � j � 4;
Aij � ntCij for i � j � 5; 6 Hi � nt Cli

C11
for i � 2; 3.

Considering an axial load �11, and N2;N3;N23 equal
to zero, we have

w22"22 � w23"33 � C12

C11
�11 � 0 �A2:7�

w23"22 � w33"33 � C13

C11
�11 � 0 �A2:8�

From these two equations, we can express "22; "33 as a
function of �11

"22 � C13C23 ÿ C12C33

M
�11 �A2:9�

"33 � C12C23 ÿ C13C22

M
�11 �A2:10�

where

M � C11C22C33 ÿ C13C13C22 ÿ C23C23C11

ÿ C12C12C33 � C12C13C23:

Replacing by "22; "33 by eqns (A2.9) and (A2.10), and
with the help of the o�-axis constitutive relation eqn
(A2.1), we can derive the relation between �11 and "11

(here "23=0, due to N23=0). This relation allows one to
determine the out of plane modulus of the composite
tube,

E11 � M

C22C33 ÿ C23C23
�A2:11�

Corresponding Poisson's ratios are

� � ÿ "22
"11
� ÿC12C23 ÿ C12C33

C22C33 ÿ C23C23
�A2:12�

Out of plane shear moduli G13, G12, can be simply esti-
mated by applying a constant stress �13 or �12. We
obtain ®nally

G13 � C55; G12 � C66 �A2:13�

In plane moduli of the composite tube can be evaluated
in the same way by applying respectively uniform ten-
sion or shear stresses on the x2±x3 plane. The ®nal
results are reported below

E22 � M

C11C33 ÿ C13C13
; E33 � M

C11C22 ÿ C12C12
;

E11 � M

C22C33 ÿ C23C23

�32 � ÿC12C13 ÿ C11C23

C11C22 ÿ C12C12
; �23 � ÿC12C13 ÿ C11C23

C11C33 ÿ C13C13
;

�12 � ÿ "22
"11
� ÿC12C23 ÿ C12C33

C22C33 ÿ C23C23

G23 � C44 ÿ C14C14

C11
; G13 � C55; G12 � C66

�A2:14�

Mechanical behaviour of �55� ®lament-wound glass-®bre/epoxy-resin tubesÐIII 29


