A single-phase elastic hyperbolic metamaterial with anisotropic
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Wave propagation can be manipulated at a deep subwavelength scale through the locally resonant
metamaterial that possesses unusual effective material properties. Hyperlens due to metamaterial’s
anomalous anisotropy can lead to superior-resolution imaging. In this paper, a single-phase elastic
metamaterial with strongly anisotropic effective mass density has been designed. The proposed
metamaterial utilizes the independently adjustable locally resonant motions of the subwavelengthscale microstructures along the two principal directions. High anisotropy in the effective mass
densities obtained by the numerical-based effective medium theory can be found and even have
opposite signs. For practical applications, shunted piezoelectric elements are introduced into the
microstructure to tailor the effective mass density in a broad frequency range. Finally, to validate
the design, an elastic hyperlens made of the single-phase hyperbolic metamaterial is proposed with
subwavelength longitudinal wave imaging illustrated numerically. The proposed single-phase
hyperbolic metamaterial has many promising applications for high resolution damage imaging in
C 2016 Acoustical Society of America.
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I. INTRODUCTION

Metamaterials, with engineered subwavelength-scale
microstructures, have exhibited many unique and useful abilities for wave control. Among them, super-resolution imaging is one of the most attractive abilities even since it was
first discovered. Based on the negative index of refraction of
electromagnetic (EM) metamaterials, Pendry1 was the first
to theoretically investigated super-resolution imaging by
using the so-called “superlens,” which has the ability of not
only focusing the propagating waves but also amplifying the
evanescent waves. Since the fine details of the imaging
object corresponding to the high spatial frequency components are carried by the evanescent waves, imaging with resolution beyond the diffraction limit can be obtained by
using superlens technology.2 Inspired by Pendry’s pioneering work, many superlens designs have been proposed not
only for EM waves but also for acoustic waves.3–8
It is observed that the subwavelength images obtained
by a superlens are typically limited to the near field of the
lens due to the fact that it can only amplify the evanescent
waves but not change their decaying behavior. A hyperlens,
on the other hand, can not only carry the subwavelength information contained within the evanescent waves across the
lens, but also magnify it, thereby converting it to propagating
waves such that the information travels to the far-field
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outside the lens. Basically, the realization of the hyperlens
for far-field super-resolution acoustic imaging relies on the
elliptical or hyperbolic equifrequency contour (EFC) which
allows for very high spatial frequency components carrying
the detailed information from objects. Christensen et al.9,10
designed an acoustic metamaterial formed by layers of perforated plates and experimentally demonstrated its hyperbolic dispersion and subwavelength acoustic imaging based
on the anisotropic lattices of scatterers. Anisotropic dynamic
mass density provides one of the most practical options to
fulfill the material requirement of elliptical or hyperbolic
EFC(Refs. 11–15). Li et al.11 designed an acoustic metamaterial with strongly anisotropic mass density from alternating
layers of brass fins and air. An acoustic hyperlens with elliptical EFC was fabricated by using the acoustic metamaterial
and subwavelength acoustic images with a k/6.8 – k/4.1 resolution were experimentally obtained. Shen et al.12
designed an acoustic hyperbolic metamaterial with the density being positive in one direction and negative in the orthogonal direction. Subwavelength imaging (k/4.7) and
partial focusing for acoustic waves was experimentally demonstrated in a broad frequency range.
Elastic metamaterials (EMMs), with properly designed
locally resonant (LR) microstructures, can behave as effective
materials with extraordinary material properties that are not
found in nature, such as negative mass density,16–18 negative
elastic modulus,19 and anisotropic mass density.20–23 With the
abnormal effective material properties, EMMs have been given
unique subwavelength-scale wave manipulation abilities such
as flat lens wave focusing,24 90-deg elastic wave bending,25
and negative refractions.26,27 Subwavelength imaging for
elastic waves has also been investigated, although not as
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intensively as for EM and acoustic waves. Zhou et al.28 proposed a solid phononic crystal superlens capable of producing
both negative refraction to focus propagating elastic waves and
surface states to amplify evanescent waves. Lee et al.29
designed an elastic plate hyperlens with alternating layers of
aluminum and air which exhibited very strong anisotropy in
elastic stiffness and produces an elliptical EFC. Oh et al.30
experimentally demonstrated subwavelength imaging for elastic waves with a lens exhibiting hyperbolic EFC which results
from the different deformation mechanisms along the two principal directions of the coiling-up microstructure in the unit cell.
However, few research about elastic hyperlens design based on
subwavelength-scale EMM with anisotropic mass density has
been reported. Unlike anisotropic dynamic mass density in
acoustic metamaterials, anisotropic mass density in EMMs can
only be engineered by using anisotropic LR inclusions. Milton
and Willis20 first proposed a two-dimensional (2-D) springmass LR model which shows that the effective mass density
could become anisotropic. Huang and Sun21 systematically
investigated the dynamic behavior of the 2-D LR mass-spring
system and demonstrated that the effective mass density is
actually a second-order tensor. Colquitt et al.31,32 studied the
dynamic anisotropy of lattice systems in vector problems of
elasticity and the interaction of elastic waves with material
with microstructure outside the standard homogenization regime. Antonakakis et al.33 developed a continuum model for
EMMs at high frequency range beyond long wavelength regime. Zhu et al.22 proposed and experimentally validated a
solid microstructure design of a continuum anisotropic EMM
with complex resonant inclusions embedded in a solid plate
which exhibited strong anisotropic mass density.
In this paper, we propose a novel microstructure design
of a single-phase EMM with anisotropic dynamic mass density. The anisotropy of the effective mass density is caused by
the decoupled resonant motions along the two principal inplane directions. Single-phase microstructure design provides
manufacturing feasibility particularly for plate-like structures.
Effective material properties of the proposed EMM are calculated based on the numerical-based effective medium method
and the hyperbolic EFCs of the EMM are obtained through
the analytical derivation of wave propagation in the effective
elastic medium with anisotropic mass densities. For practical
applications, shunted piezoelectric elements are integrated
into the microstructure to tune the effective mass density in a
broad frequency range. Finally, an elastic hyperlens for a longitudinal elastic wave is demonstrated and super-resolution
phenomenon (k/3) is observed numerically.

effective mass densities of the EMM along the two principal
directions can be expected in specified frequency ranges.
The in-plane lattice constant of the square unit cell is a and
the width of the slots is s. In the unit cell, two horizontal ribs
with length rh and width bh are for the vertical resonator
while one vertical rib with length rv and width bv is for the
horizontal resonator. R1 and R2 are the radius of the vertical
and horizontal resonators, respectively. The uniqueness of
the design is that the LR motions of the EMM along the two
principal in-plane directions are fully decoupled and therefore, it is possible to tailor the LR frequencies independently
which leads to anisotropy in the effective mass density.19,20
In the current design, the LR frequencies of the metamaterial
along the two principal directions are determined by the inplane bending stiffness of the rib beams and their attached
masses. Thanks to the single-phase microstructure design, it
is very feasible to apply the proposed hyperbolic EMM
design to thin plate structures with precision manufacturing
techniques such as laser cutting or CNC machining.
To illustrate this idea clearly, effective material properties
of the metamaterial in Fig. 1(a) with two in-plane resonators
will be analyzed to reflect the interior physical wave phenomena. Due to the complex microstructure in the unit cell, the
numerical-based effective medium method will be used to calculate the effective material properties of the proposed
EMM.22,34 In the finite element (FE) model, the applied local
displacement on the boundary of the EMM unit cell can be
represented as ua ¼ ðu0a þ Eab Þeixt , where u0a is a rigid translation and Eab is the global strain. The effective medium parameters can then be numerically obtained by considering the
boundary responses of the unit cell to the stimulation exerted
by the elastic waves. Under the long-wavelength assumption,
the global stress, strain, resultant force, and acceleration of the
unit cell can be numerically calculated by averaging local
quantities on the external boundary of the unit cell as
ð
ð
1
1
Rab ¼
rac xb dsc ; Eab ¼
ðua dsb þ ub dsa Þ;
V @V
2V @V
ð
ð
1
1
rab dsb ; U€ a ¼
(1)
u€a ds;
Fa ¼
V @V
V @V
where Rab , Fa , and U€ a are the global stress, resultant force
and acceleration, respectively. rab , xa , ua , and u€a are the local

II. MICROSTRUCTURAL DESIGN
OF THE SINGLE-PHASE HYPERBOLIC
EMM WITH ANISOTROPIC MASS DENSITY

Here, we present the first physical realization of a
single-phase EMM plate which can manipulate LR motions
along the two principal in-plane directions independently, as
shown in Fig. 1. The thickness (z-direction) of the EMM
plate is t. Two decoupled resonators, in-plane horizontal
(x-direction) and in-plane vertical (y-direction), are proposed
in the single-phase EMM unit cell. Therefore, negative
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FIG. 1. (Color online) Unit cell design of the proposed single-phase EMM.
Zhu et al.

stress, position vector, displacement and acceleration fields,
respectively. Specifically, the anisotropic effective mass density of the single-phase EMM along the x and y principal
directions can be determined based on the following relation:
"
# 
 
qxx 0
Fx
Ux
2
¼ x V
;
(2)
0 qyy Uy
Fy
where Ux and Uy are the global displacement fields along the
x and y directions, respectively. V denotes the volume of the
unit cell. As an example, the dynamic anisotropic mass densities of the EMM along the x and y in-plane principal directions as functions of frequencies are plotted as a solid curve
and a dash curve in Fig. 2(a), respectively. Due to the very
small thickness of the EMM plate, 2-D FE simulation with
plane stress assumption is a good approximation and a computational efficient approach for the EMM analysis. In the
figure, the effective mass densities are normalized with the
average static mass density of the unit cell. The unit cell’s
geometric and material properties used in the calculation are
listed in Table I.
As shown in Fig. 2(a), obvious differences between the
eff
values of qeff
xx and qyy can be found after f ¼ 10 kHz, which
is due to the different LR frequencies of the unit cell along x
and y directions being fxLR ¼ 15:23 kHz and fyLR ¼ 15:8 kHz,
respectively, as shown in the zoom-in Fig. 2(b). The mode
shapes at these two resonant frequencies are also demonstrated in Fig. 2(b) where the independent in-plane resonant
motions of the horizontal and vertical resonators can be
eff
observed. Furthermore, different signs for qeff
xx and qyy can
be observed in two frequency ranges (15.23, 15.6 kHz) and
eff
(15.8, 17.25 kHz). Negative qeff
xx and positive qyy is found in
the first of the two frequency ranges while the opposite case
is observed in the second range. The EMM with positive and
negative mass densities along different in-plane principal
directions in those frequency ranges could have hyperbolic
dispersion curves and therefore, can be used for elastic
hyperlens. The effective Young’s and shear modulus of the
single-phase EMM can also be calculated based on the effective model,34 which on the contrary are almost constant values of Eeff ¼ 104 GPa and veff ¼ 0:285, respectively.
To characterize in-plane wave propagation in the platelike EMM with anisotropic mass densities, the in-plane
dispersion relations are derived based on the calculated
effective material properties. The equations of motion for a

TABLE I. Unit cell geometrical and material parameters of the EMM.
Geometrical properties (in mm)

Material properties (stainless steel)

s
rh
rv
bh
bv
R1
R2
a
t

Mass density
Young’s modulus
Poisson’s ratio

0.5
2.1
4.1
0.65
2
5.7
2.25
20
1.5

7850 kg/m3
200 GPa
0.3

2-D homogenized medium with the anisotropic mass density
tensor can be written as
q

@2u
¼ ð M  GÞrr  u þ Gr2 u;
@t2

(3)

where q is the anisotropic mass density tensor; u is the displacement vector; M and G are the effective P-wave modulus and effective shear modulus of the EMM, respectively.
In order to separate the longitudinal and transverse wave
modes, the displacement vector is expressed via Helmholtz
decomposition as the gradient of a scalar and the curl of a
zero divergence vector:35
u ¼ rU þ r  H;

r  H ¼ 0;

(4)

where U and H are scalar and vector potentials, respectively. Then, the equations of motion in Eq. (3) can be
rewritten as


@2U
@2H
q r 2 þ r  2 ¼ ð M  GÞrr
@t
@t
 ðrU þ r  H Þ
þ Gr2 ðrU þ r  H Þ:
(5)
By conducting simplified tensor and vector operations, longitudinal and transverse wave equations of the motion can
be separated as
qr

@2U
 rðMr2 UÞ ¼ 0;
@t2

(6a)

FIG. 2. (a) (Color online) Anisotropic
effective mass density of the proposed
single-phase EMM. (b) Zoom-in figure at
the resonant frequency range and the two
resonant modes at 15.23 and 15.8 kHz.
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longitudinal wave vector and displacement vector, respectively, Eq. (8) can be rewritten as
 p 2
p 2
kyy
x2
ðkxx
Þ
;
þ eff ¼
eff
qxx
qyy
M

FIG. 3. (Color online) EFC of the proposed single-phase EMM calculated at
f ¼ 15.3 kHz and f ¼ 16.3 kHz.

qr 

@2H
 Gr2 ðr  H Þ ¼ 0:
@t2

(6b)

In this study, we focus on the longitudinal wave propagation
in the medium with anisotropic mass densities. Therefore,
after multiplying the reciprocal mass density tensor, ðqÞ1
and taking the divergence, r  ðÞ, to Eq. (6a), we obtain the
following relation:
h 
i
@ 2 ðr 2 U Þ
1
ðMr2 UÞ ¼ 0:

r

q
r
@t2

(7)

Since the x and y axes are the two principal directions of
the EMM, only diagonal elements of the anisotropic mass
density tensor and its reciprocal tensor remain as q
 eff



1=qeff
0
0
qxx
1
xx
and ðq Þ ¼
, respec¼
0 qeff
0
1=qeff
yy
yy
tively. Therefore, Eq. (7) can be rewritten as
M @ 2 ð r 2 U Þ M @ 2 ð r2 U Þ @ 2 ð r 2 U Þ
þ eff
¼
:
qeff
@x2
qyy
@y2
@t2
xx

(8)

By assuming the longitudinal plane wave with
p
p
U ¼ U0 exp ðik  r  ixtÞ, where k and r are the

(9)

p
p
where kxx
and kyy
are the longitudinal wave vector components along the x and y principal directions, respectively. It
can be found that the dispersion relation for the longitudinal
wave propagating in the EMM with anisotropic mass density
is the same as that for acoustic waves in anisotropic acoustic
metamaterial.36
The equifrequency contours (EFCs) of the proposed
single-phase EMM at f ¼ 15.3 kHz and at f ¼ 16.3 kHz are
obtained by using Eq. (9), as shown in Fig. 3. The effective
mass densities along the x and y principal directions at both
frequencies can be obtained from Fig. 2 and the effective Pwave modulus M can be obtained based on the relation
M ¼ K þ ð4=3ÞG.
It can be seen in Fig. 3 that both EFCs demonstrate the
hyperbolic shape as expected, which means the longitudinal
elastic wave can propagate only along one principal direction where the effective mass density is positive and is forbidden in the other principal direction with negative
effective mass density. In order to validate the anisotropic
mass density and the directional wave propagation, the longitudinal wave fields inside a 2-D array of the proposed
EMM unit cells at f ¼ 15.3 kHz and f ¼ 16.3 kHz are plotted
in Figs. 4(a) and 4(b), respectively. The longitudinal waves
are simulated by applying nodal forces normal to the circumference of a small circle positioned at the center of the array.
A full-scale harmonic elastic wave simulation is performed
using the commercial FE software COMSOL. The longitudinal wave field results are obtained by taking the divergence
of the simulated displacement fields. Longitudinal wave
propagating only along the y-axis is found at f ¼ 15.3 kHz
since the qeff
xx is negative, as shown in Fig. 4(a) while longitudinal wave propagating only along the x axis is found at
f ¼ 16.3 kHz since the qeff
yy becomes negative, as shown in
Fig. 4(b). It is also observed that the wavelength in Fig. 4(a)
is smaller than that in Fig. 4(b) because the positive qeff
yy at
f ¼ 15.3 kHz is larger than the positive qeff
xx at f ¼ 16.3 kHz,
which can be found in Fig. 2(b). The reflections in Fig. 4 are
the result of the material mismatches between the EMM
array and the surrounding steel medium.

FIG. 4. (Color online) Longitudinal
elastic wave propagations in the
single-phase EMM at (a) f ¼ 15.3 kHz
and (b) f ¼ 16.3 kHz.
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FIG. 5. (Color online) (a) Active unit cell design. (b) Softening circuit. (b) Hardening circuit.

III. ADAPTIVELY ELASTIC HYPERBOLIC
METAMATERIAL

One of the major limitations of resonant-based EMMs as
practical devices is that their operating frequency is fixed once
the subwavelength-scale microstructures are fabricated. In
order to overcome this limitation, “smart” components need
to be integrated into the microstructures of the EMM. In
this study, an adaptively hyperbolic EMM is proposed by
employing piezoelectric patches shunted with negative capacitance (NC) into the microstructure to achieve tunable anisotropic mass density and therefore, the operation frequency
range of the hyperbolic EMM can be greatly expanded.
Figure 5(a) shows the microstructure design of the adaptive
EMM by surface-bonding the shunted piezoelectric patches to
the sides of the ribs. The geometric sizes of the piezoelectric
patches attached to the horizontal and vertical ribs are
0:5mm  0:15mm  1:5mm and 0:15mm  2:25mm  1:5mm,
respectively. The geometric parameters of the unit cell as well
as the material properties of the piezoelectric patches attached
to the horizontal and vertical ribs are listed in Table II. Two
types of NC circuits, namely, “softening” and “hardening” circuits, are used for the piezoelectric patches to actively increase
or decrease the bending stiffness of the ribs and therefore, tune
the LR frequencies of the unit cell along the two principal
directions as shown in Figs. 5(b) and 5(c), respectively. In the
figures, negative equivalent capacitances, CN, can be obtained
inside the dotted squares. Cp is the capacitance of the

TABLE II. Geometric parameters of unit cell and material properties of the
PZT patches.
Geometrical properties
of the unit cell (in mm)
s
rh
rv
bh
bv
R1
R2
a
t

0.5
2.1
2.75
0.2
0.6
3.5
1.25
10
1.5

Material properties (PZT patch)
Mass density
Young’s modulus
Poisson’s ratio
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7500 kg/m3
72 GPa
0.34

piezoelectric patch. The softening circuit consists of a capacitor
C0, a potentiometer R1, two resistors R0 and R2 and an operational amplifier, which can be theoretically operated with the
stability condition being CN >Cp. In the hardening circuit, a resistor R0 is replaced by a potentiometer in order to adjust the resistance and in which the stability condition should be satisfied
as CN <Cp. For both circuits, the negative equivalent capacitances, CN, can be calculated as CN ¼ C0 ðR1 =R2 Þ:37,38
Figures 6(a) and 6(b) show the obtained effective mass
densities along x and y principal directions, respectively.
Three different configurations are simulated with the piezoelectric patch connecting to an open circuit, a softening circuit (k ¼ 0.98) and a hardening circuit (k ¼ 1.03), where
the negative capacitance ratio (NCR) k of the NC circuit is
defined as k ¼ CN =Cp . The effective anisotropic mass density can be calculated by using a multi-physics numericalbased effective medium model and the method is then implemented into COMSOL. As shown in Fig. 6(a), it can be
found that the resonant peak of qxx shifts to lower (dash
curve) and higher (solid curve) frequencies when softening
and harden circuits are connected to the vertical piezoelectric patches, respectively. The same phenomenon can be
found for the resonant peak of qyy when the softening and
hardening circuits are connected to the horizontal piezoelectric patches. The tunability of the resonant frequency along
the x and y principal directions are measured as 33.3% and
27.5%, respectively.
IV. ELASTIC HYPERLENS BY ANISOTROPIC
METAMATERIALS

While the elastic lens having elliptic EFCs is capable of
subwavelength imaging,11,29 higher-resolution by the proposed hyperlens is apparent because finer subwavelength information can be carried considerably better so that the
distance between the two sources can be reduced further. To
illustrate the better performance of the lens having hyperbolic EFC, Fig. 7(a) shows the design of an elastic hyperlens
consisting of 1403 single-phase anisotropic EMM unit cells.
The proposed hyperlens spans 180 in the angular direction
and has inner and outer radiuses of 240 and 640 mm, respectively. Along the radial direction, it consists of 20 layers of
EMM unit cells and the distance between two neighboring
Zhu et al.
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FIG. 6. (Color online) Effective mass
densities of the active EMM along (a)
x and (b) y directions.

layers of EMM unit cells is a ¼ 20 mm which is the same as
the distance between two neighboring unit cells along the
circumferential direction. In order to demonstrate the subwavelength imaging ability of the proposed elastic hyperlens,
full-scale harmonic elastic wave simulations using
COMSOL are performed. The dimensions of the host medium made of steel (q ¼ 7850 kg/m3, E ¼ 200 GPa and
t ¼ 0.3) are 1600 mm  1000 mm. Perfectly matched layers
(PMLs), highlighted in Fig. 7(a), are applied to the boundaries of the simulation region to eliminate any unwanted
reflections. Figures 7(b) and 7(c) show the zoomed-in pictures of the meshed hyperlens and the single-phase EMM
unit cell, respectively. The simulation frequency is chosen at
f ¼ 15.3 kHz where the effective mass density is positive
along the radial direction but negative along the angular
direction as predicted in Fig. 2. As shown in Fig. 7(a), two
omnidirectional longitudinal wave sources are simulated
by applying nodal forces normal to the circumferences of
two small circles which have a radius of only 2 mm and
are separated by ð1=3Þk, where k is the wavelength of the

FIG. 7. (Color online) (a) Design of elastic hyperlens. (b) Zoom-in meshed
hyperlens with two omnidirectional longitudinal wave sources. (c) Zoom-in
meshed EMM unit cell.
3308
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longitudinal elastic wave in steel. The distance between the
sources and the first layer of the EMM unit cells along the
radial direction is 20 mm. The input waves from the two longitudinal wave sources are expected to enter the hyperlens
region and be guided along the radial direction. The output
wave field will be measured along a predefined curve which
is parallel to the last layer of the hyperlens with the same distance of 20 mm between them. The predefined curve is highlighted, as shown in Fig. 7(a). Note that the studied
longitudinal wave wavelength k is much larger than the size
of the single-phase EMM unit cell a at k ¼ 18a. To clearly
explain hyperbolic wave dispersion mechanism, simulations
are also performed on the hyperlens made of the homogeneous medium with the same geometric shape and effective
mass densities along the radial and angular directions as
qr ¼ 23 500 kg/m3 and qh ¼ 68 600 kg/m3, respectively,
which are obtained from the results of the numerical-based
effective medium model at 15.3 kHz.
The in-plane longitudinal and the transverse wave propagations in the hyperlenses with single-phase EMM are
shown in Figs. 8(a) and 8(b), respectively. The divergence
and curl of the simulated displacement fields are plotted to
separate the longitudinal and transverse wave fields, respectively.27 As shown in Fig. 8(a), the longitudinal waves propagate along the radial direction of the hyperlens and two
separate wave propagation channels inside the hyperlens
region can be clearly observed. At the outer boundary of the
hyperlens, the distance between two sources is enlarged.
Once the magnified feature is larger than the diffraction
limit, then we can observe the subwavelength features of the
object in the far field. In Fig. 8(b), weak transverse waves
are generated at the interface between the hyperbolic EMM
and the steel matrix near the wave sources due to the wave
mode conversion. However, the transverse wavenumber
along the radial direction of the hyperlens is an imaginary
value due to the band gap of the shear wave mode which is
generated by the negative effective mass density along the
angular direction at 15.3 kHz,21 and therefore the transverse
wave cannot propagate along the radial direction, as shown
in Fig. 8(b). It should be mentioned that the proposed anisotropic EMM could be also extended for the hyperlens design
of the shear wave because propagations of both the longitudinal and shear waves can be controlled by independently
adjustable effective mass densities along two principle directions. However, in order to do that, a hyperlens model for
Zhu et al.

FIG. 8. (Color online) (a) The divergence of the displacement fields for
hyperlens with single-phase EMM unit
cells. (b) The curl of the displacement
fields for hyperlens with single-phase
EMM unit cells. (c) The divergence of
the displacement fields for hyperlens
with effective homogenous medium.
(d) The divergence of the displacement
fields without hyperlens.

the shear wave should be derived to determine required anisotropic mass densities, which is not the main objective in
the current study and will be investigated in the future work.
The longitudinal wave propagation in the hyperlens
with effective homogenous medium is shown in Fig. 8(c),
where the effective Young’s modulus and Poisson’s ratio are
Eeff ¼ 104 GPa and teff ¼ 0.285, respectively. In general, the
simulation results of the hyperlens with the detailed microstructures is in agreement with the result of the hyperlens
with effective medium. The minor difference in the intensity
of the wave field of the hyperlens is due to fact that the effective mass density of the resonant-based metamaterial system
is strongly dependent on the operating frequency, which is
obtained under the assumption of the long wavelength frequency. Also, to illustrate the effects of the hyperlens, the
longitudinal displacement field without a hyperlens (steel in
the hyperlense region) is provided in Fig. 8(d) for reference.
Comparing Fig. 8(a) with Fig. 8(d), compressed wave patterns can be found inside the EMM hyperlens, which is due
to the large effective mass density and decreased effective
longitudinal wave velocity along the radial direction in the
EMM array. It is also noticed that the imaging quality of the

single-phase elastic hyperlens is determined by the size of
the microstructure compared with the wavelength in the incident plane, which can be further improved by downsizing
the side length of the microstructure. However, difficulty
will be increase for the metamaterial fabrication.
Furthermore, the normalized displacement intensity distributions of the longitudinal waves obtained at the output
curve after passing through the hyperlens region are plotted
as a solid curve, a dash curve and a dot curve for with hyperlens case, with effective medium case and without hyperlens
case, respectively, as shown in Fig. 9. The x-axis of the figure indicates the position of each measuring point on the output curve along the x-axis in Fig. 7(a). The normalizations
in Fig. 9 were carried out by taking the amplitudes of the
measured displacement fields divided by the maximum displacement amplitude measured along the output curve for
hyperlens with single-phase EMM unit cells. Two peaks can
be clearly observed for the case with hyperlens and the
case with effective medium while only a single peak appears
for the case without a hyperlens, which confirms the subwavelength imaging ability of the proposed elastic hyperlens
for longitudinal elastic waves. It can also be observed that
the maximum normalized transmittance reaches 0.98 at the
imaging position with the hyperlens, while only 0.58 at the
central position of the curve without the hyperlens owing to
the intense diffractions occurring. It can be seen that the distance between two images is about 1.02k at the outer boundary of the hyperlens with a magnification ratio of 3.06 and
also larger than the diffraction limit 0.5k. Thus, the subwavelength object is efficiently identified and magnified by the
elastic hyperlens with a single-phase microstructure.
V. CONCLUSIONS

FIG. 9. (Color online) Imaging performances of with hyperlens case, with
effective medium case and without hyperlens case.
J. Acoust. Soc. Am. 139 (6), June 2016

In this paper, a microstructure design of a single-phase
EMM with anisotropic dynamic mass density is proposed.
Anisotropic effective mass density in the EMM is realized
by the decoupled resonant motions along the two principal
directions and can have opposite signs. Effective material
properties of the EMM are calculated by the numericalbased effective medium method and the hyperbolic dispersion relations are obtained. For application in a broad
Zhu et al.
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frequency range, NC shunted piezoelectric patches are integrated into the microstructure and a tunable effective mass
density is demonstrated. Finally, super-resolution phenomenon (k/3) of a longitudinal elastic wave has been demonstrated numerically by using an elastic hyperlens made of
the single-phase EMM. The proposed metamaterial could
have many promising applications in high resolution damage
imaging in nondestructive evaluation and structural health
monitoring.
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