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Abstract – Heterogeneous membrane with rigid elements has been extensively applied in ﬂexible
electronic systems and in aerospace structures. Here, we study the surface wrinkling of such heterogeneous membrane. Experiment, theoretical analysis and numerical simulation are performed
to quantify the eﬀect of rigid elements on the wrinkle pattern of the membrane. The characteristics of wrinkles related to the positions of rigid elements and stretching strain are investigated
and the underlying mechanism is revealed. It is found that wrinkle patterns can be tailored by
varying the positions of the rigid elements to achieve desired functions. Our results can provide
insightful ideas to understand the wrinkling phenomenon of heterogeneous membranes and create
novel wrinkle patterns in a controllable way.
c EPLA, 2016
Copyright 

Introduction. – Wrinkling induced by instability
of thin membranes is commonly encountered in micro/nanoengineering [1–3], biomedical engineering [4–7]
and aerospace engineering [8–12]. Diﬀerent wrinkle patterns in membrane systems can achieve desired functions [1–6,13]. For example, ordered micro/nanostructures
formed by surface wrinkling on a thin membrane oﬀer considerable interests and numerous applications as stretchable electronics [3]. On the other hand, surface wrinkles
are sometimes needed to be suppressed, such as membrane antenna in aerospace engineering, which demands
very smooth surfaces with few wrinkles [8–12]. The study
of controllable wrinkle patterns of soft material systems
provides both fundamental insights and practical guidance for engineering design. Though the membranes
used in practice are usually heterogeneous [3,12,14–18],
such as the ﬂexible electronics with rigid circuits [3,16]
or the aerospace membrane antenna with electronic elements [12], most of the eﬀorts focus on the wrinkling
of uniform membranes [7–11,19–22], and the inﬂuence of
heterogeneous materials on the wrinkle pattern has not received much attentions [12,14–17,23–29]. Here we focus on
a two-end clamped membrane with square rigid elements
under stretching to study the wrinkling of the heterogeneous membrane. We reveal the underlying mechanism
(a) E-mail:

zhangkai@bit.edu.cn (corresponding author)

of wrinkling and analyze the wrinkle pattern by varying the positions of rigid elements in both experiment
and numerical simulation. The wrinkle pattern of a twoend clamped membrane is eﬀectively controlled by designing the arrangement of rigid elements. Our results are
helpful for the design of aerospace membrane structure,
and also useful in micro/nanoengineering and biomedical
engineering.
Experiment and observations. – We consider a
polyimide membrane with a size of 100 × 40 × 0.025 mm3
(length 2L × width 2C × thickness t). The elastic modulus of the uniform polyimide membrane is measured to
be 2.88 ± 0.11 GPa by tensile testing and the Poisson ratio is assumed to be 0.31 according to ref. [9]. To study
the eﬀect of rigid elements on the wrinkle pattern of the
membrane in both horizontal and vertical directions, four
square rigid elements with side lengths of 4 mm and thicknesses of 0.5 mm are ﬁxed on the membrane symmetrically
by using cyanoacrylate adhesive, as shown in ﬁg. 1. The
square rigid element is made of aluminum, whose elastic
modulus is about 69 GPa and much larger than that of
the membrane. By varying the horizontal distance (2x0 )
and the vertical distance (2y0 ) between the centers of two
rigid elements, six diﬀerent kinds of heterogeneous membranes are made. Then all of the rectangular membranes
with four rigid elements, whose two ends are clamped,
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are subjected to a uniaxial stretching by a tensile machine (MTS, Eden Prairie, MN, USA). The resolutions of
force and displacement of the tensile machine are 0.01 N
and 0.001 mm, respectively, with maximum force 250 N
and maximum displacement 600 mm. The applied tensile
strain εx is 6% with a strain rate of 0.6% min−1 . Two
lamps are placed in front of the membrane with angles
of about 45◦ and −45◦ , respectively, to the normal of
the membrane. A digital camera perpendicular to the
membrane is used to capture the images of the membrane
during stretching as shown in ﬁg. 1. According to the
previous works about the wrinkling of a stretched uniform membrane with clamped ends [7,15,19,20], the sineshape wrinkles are parallel to the loading direction in the
central region of the membrane due to the Poisson effect. In comparison, the heterogeneous membranes under
stretching display several diﬀerent kinds of wrinkle patterns, shown in ﬁg. 1. When the four rigid elements are
located together in the central region of the membrane
in ﬁg. 1(a), the horizontal regions near the rigid elements
remain ﬂat but wrinkle far from the rigid elements along
the horizontal center line, with smaller wavelength compared with that of a uniform membrane. Furthermore,
the rigid elements trigger the wrinkling of vertical local regions around the rigid elements. As a result, two diﬀerent
sets of wrinkles appear on one membrane. Subsequently,
when the four rigid elements are separated by increasing
the distance between them, two contrary wrinkling phenomena are triggered with varied x0 /L and unchanged
y0 /C = 0.40. When x0 /L = 0.10 in ﬁg. 1(b), no wrinkle is
observed between two horizontal rigid elements, whereas
a new wrinkle pattern is exhibited in the region between
rigid element and clamped end. As for the heterogeneous
membranes with increasing x0 /L = 0.40 or 0.80 (ﬁgs. 1(c)
and (d)), wrinkles appear in the region between two horizontal rigid elements, disappearing in the region between
rigid element and clamped end. As a special case, when
the rigid elements are located far away from each other
(x0 /L = 0.80) as shown in ﬁg. 1(d), a wrinkle pattern
similar to that of the uniform membrane can be observed,
indicating that the rigid elements have little eﬀect on the
wrinkling of the membrane. Finally, when y0 /C is increased to be 0.80, the central region of membrane can
almost remain ﬂat (x0 /L = 0.80 in ﬁg. 1(e)), or be wrinkled seriously (x0 /L = 0.10 in ﬁg. 1(f)). It is noted that
wrinkling in the vertical local regions around each rigid
element almost arises for all the cases in ﬁg. 1. The wrinkle patterns in ﬁg. 1 are entirely diﬀerent from that of the
uniform membrane, demonstrating that the rigid elements
play an important role in the wrinkling of membrane.

Fig. 1: (Colour online) Wrinkle patterns of the two-end
clamped membrane with four rigid elements at diﬀerent positions under stretching. The applied stretching strain εx is 6%.
(a) x0 /L = 0.04, y0 /C = 0.10, (b) x0 /L = 0.10, y0 /C = 0.40,
(c) x0 /L = 0.40, y0 /C = 0.40, (d) x0 /L = 0.80, y0 /C =
0.40, (e) x0 /L = 0.80, y0 /C = 0.80 and (f) x0 /L = 0.10,
y0 /C = 0.80.

Fig. 2: (Colour online) Schematic and stress ﬁelds (σy ) of the
approximate mechanical model for a two-end clamped membrane with a square rigid element under stretching. The
stretching strain εx is 6%.

with only one rigid element at the center to explain the
eﬀect of rigid element on stress distribution. For the
two-end clamped membrane with one rigid element under
stretching, the stress ﬁeld is proposed to be approximately
described by the superposition of two parts: the membrane under uniform tension and under four concentrated
forces at the corners of the membrane [15]. We further
neglect the rigid element in the model of the membrane
under four concentrated forces as shown in ﬁg. 2, and the
analytical stress solution of a uniform membrane under
four concentrated forces is used. The corresponding stress
ﬁeld can be expressed by using Fourier series as [15]

Results and discussion. –
Eﬀect of the square rigid element on stress distribution.
As a prerequisite for wrinkling, development of compressive stress can determine the wrinkle pattern on the
membrane. Here we start from the normal stress in the
transverse direction (σy ) of a two-end clamped membrane
24005-p2
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where xr = x/L and yr = y/C are the coordinates along
the length and width directions, respectively, with the origin at the center of the membrane. λ = C/L is the widthlength ratio and mλ = mπλ. The concentrated force F is
0.38νεx EC, where 0.38 is an equivalent factor between the
concentrated force and the nonuniform distributed shear
force induced by the clamped end [15]. E and ν are the
elastic modulus and Poisson ratio of the membrane, respectively. Taking σy1 into account, according to eq. (1),
there is large tensile stress distributing near the clamped
ends and very small compressive stress in the central region far from the clamped ends due to the Poisson eﬀect
(ﬁg. 2).
The stress of a membrane with a square rigid element
under uniform tension can be approximated to that of an
inﬁnite membrane with a square rigid element under uniform tension, which can be solved in curvilinear coordinate [30,31] based on complex function as
σy2 + σx2 = 4ReΦ (ξ) ,
σy2 − σx2 + 2iτxy2 = 2
where
w(ξ) = x + iy =
ξ

3
a
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a is the side length of the square rigid element. The corresponding stress ﬁeld σy2 is shown in ﬁg. 2. The introduced
rigid element, which is similar to a local clamped end, prevents the deformation of the stretched membrane, bringing
an inhomogeneous stress ﬁeld and resulting in the redistribution of stress in the membrane. As a consequence, the

Fig. 3: (Colour online) Stress ﬁelds (σy ) of the two-end clamped
membrane with two rigid elements at diﬀerent horizontal positions under stretching: (a) x0 /L = 0.04, (b) x0 /L = 0.10,
(c) x0 /L = 0.40 and (d) x0 /L = 0.80. The stretching strain
εx is 6%. (e) Eigen buckling modes and corresponding buckling strains vs. the horizontal position of rigid elements by
numerical eigenvalue buckling analysis.

stress σy2 is tensile near the rigid element but compressive far from the rigid element along the horizontal center
line. On the other hand, compressive stress is generated
in vertical regions around the rigid element, extending up
to the free edges of the membrane.
Then the stress ﬁeld σy in a two-end clamped membrane with a rigid element under stretching is described
by the superposition of σy1 and σy2 . Both tensile and
compressive stresses in the regions around rigid elements
are mainly caused by the mismatched elastic moduli of
rigid element and membrane, whereas the relative small
compressive stress induced by the clamped ends can be
completely ignored when the membrane is long enough.
The analytical stress ﬁeld has a good agreement with the
numerical result by FEM [31].
Eﬀect of the distances between square rigid elements on
the wrinkle pattern. Now we consider a two-end clamped
membrane with two square rigid elements to study the
eﬀect of horizontal distance on the wrinkle pattern by
theoretical and numerical analysis. When two rigid elements are arranged on the two-end clamped membrane,
the stress ﬁeld in the membrane can be described approximately by superposing the stress ﬁeld of a uniform membrane and stress ﬁelds caused by each rigid element in
ﬁg. 2. The stress ﬁelds of the membrane with two rigid
elements at diﬀerent horizontal positions are shown in
ﬁgs. 3(a)–(d), which have a good agreement with the FEM
results [31]. When the rigid elements are located far from
the clamped ends, the rigid elements play an important
role to determine the ﬁnal stress distribution between the
rigid elements, and stress induced by the clamped ends

24005-p3

Dong Yan et al.
can be neglected. For example, separating the two rigid
elements with a small distance x0 /L = 0.10 can eventually
generate an obvious local tensile region between the two
rigid elements (ﬁg. 3(b)). However, as x0 /L increases, e.g.,
x0 /L = 0.40 shown in ﬁg. 3(c), compressive stress induced
by the rigid elements appears in the region between the
two horizontal rigid elements, resulting in local wrinkles
between the two rigid elements. On the contrary, when
the rigid elements along the horizontal center line are separated suﬃciently and located near the clamped ends, the
stress ﬁeld is mainly determined by clamped ends while the
eﬀect of the rigid elements is weak, as shown in ﬁg. 3(d)
(x0 /L = 0.80). In addition, the coupling eﬀect between
rigid element and clamped end is determined by the position of the rigid element. In the horizontal region between
rigid element and clamped end in ﬁg. 3(c), the compressive stress induced by the rigid element is neutralized by
the tensile stress induced by the clamped end. Thus, the
wrinkles in this region gradually disappear.
As a result, the variation on the distribution of compressive stress decides the diﬀerent eigen buckling modes
of the membrane. Three buckling modes distinguished by
the buckled region are shown in ﬁg. 3(e). In Mode 1, wrinkles occur in the vertical regions of the rigid elements. In
Mode 2 and Mode 3, wrinkles are triggered in horizontal regions between rigid element and clamped end and
between two rigid elements, respectively. When the distance x0 /L is small, the membrane ﬁrst deforms into the
lowest buckling mode (Mode 1) and then Mode 2, comparing with an inﬁnite buckling strain of Mode 3 due to
the tensile state between the two rigid elements. With increasing distance x0 /L, the stress between the two rigid
elements gradually transforms from tensile to compressive,
decreasing the buckling strain of Mode 3. A turnover of
the lowest buckling mode occurs up to a critical point
x0 /L = 0.57: The lowest buckling mode transforms from
Mode 1 to Mode 3. Subsequently, the buckling strains of
both Mode 1 and Mode 2 remarkably increase with the
raising distance as a result of the eﬀect of the clamped
end, leading to eventual disappearance of both Mode 1
and Mode 2. The results are consistent with the experimental observations in ﬁg. 1.
We characterize the wrinkles between two horizontal
rigid elements in postbuckling analysis by FEM [32,33].
The normalized wrinkle wavelength (λx /L) related to
the normalized horizontal distance (x0 /L) and stretching
strain (εx ) is shown in ﬁg. 4(a). λx /L increases with x0 /L
but decreases with εx . By ﬁtting the data of normalized
wavelength as a function of normalized horizontal distance
and stretching strain, we ﬁnd the normalized wavelength
complies with the scaling law (ﬁg. 4(a)) as

Fig. 4: (Colour online) Normalized wrinkle wavelength λx /L
against stretching strain εx for various normalized horiSymbols represent the calculated
zontal distance x0 /L.
results by FEM and lines are the scaling law λx /L =
−1/4
0.0575(x0 /L)1/2 εx .
(b) Normalized wrinkle amplitude
Ax /L against stretching strain εx for various normalized horizontal distance x0 /L. Symbols connected by lines are calculated by FEM.
1/2

term x0 , which represents the eﬀect of heterogeneity of
the membrane with rigid elements. Hence, the membrane
with rigid elements possesses the ability to tune the wavelength of wrinkles by designing the distance between two
horizontal rigid elements. In eq. (4), we only consider
the dependence of wavelength on the horizontal distance
between rigid elements and tensile strain for a two-end
clamped membrane under stretching. The wavelength
also relates to the sizes of rigid element and membrane,
which would be necessary for further studies. We quantify the normalized wrinkle amplitude (Ax /L) as shown
in ﬁg. 4(b). For normalized horizontal distance x0 /L between 0.3 and 0.7, Ax /L increases with stretching strain,
and a larger x0 /L results in a larger Ax /L. However, when
the horizontal distance is too large, such as x0 /L = 0.9 in
ﬁg. 4(b), Ax /L will ﬁrst increase and then decrease, which
is similar to the uniform membrane [20].
The eﬀect of the vertical distance y0 /C on the stress
ﬁeld is also taken into account and the stress ﬁelds of the
membrane with two rigid elements at diﬀerent vertical positions are shown in ﬁgs. 5(a)–(d), which also have a good
agreement with the FEM results [31]. The two rigid ele x  12
1
λx
ments are located in the vertical center line far from the
−
0
∼
εx 4 .
(4)
clamped ends, hence only small compressive stress is inL
L
duced by the clamped ends in this region. Thus, the stress
−1/4
is the same as that for distribution near the rigid elements is mainly determined
The scaling relationship λx ∼ εx
a uniform membrane [7,19] except for the new introduced by the rigid elements. Moving the rigid elements towards
24005-p4
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Fig. 5: (Colour online) Stress ﬁelds (σy ) of the two-end clamped
membrane with two rigid elements at diﬀerent vertical positions under stretching: (a) y0 /C = 0.10, (b) y0 /C = 0.20, (c)
y0 /C = 0.40 and (d) y0 /C = 0.80. The stretching strain εx
is 6%. (e) Eigen buckling modes and corresponding buckling
strains vs. the vertical position of rigid elements by numerical
eigenvalue buckling analysis.

the upper and lower free edges with increasing vertical distance y0 /C from 0.10 (ﬁg. 5(a)) to 0.20 (ﬁg. 5(b)), 0.40
(ﬁg. 5(c)) and 0.80 (ﬁg. 5(d)), the vertical regions of each
rigid element are always under compression, and the compressive region between the rigid elements gradually expands. Thus, the compressive stress can trigger the local
wrinkling around the rigid elements and between the vertical rigid elements (ﬁg. 1), corresponding to Mode 1 and
Mode 3 (ﬁg. 5(e)), respectively. More importantly, a ﬁeld
of tensile stress, generated by the rigid elements in the
oblique direction, relaxes the compressive stress induced
by the clamped ends when the rigid elements are ﬁxed near
the two free edges of the membrane. Hence, when the rigid
elements are located near the corners of the membrane as
shown in ﬁg. 1(e), the tensile stress in the oblique direction of the rigid elements eliminates the wrinkles on the
whole membrane.
The wavelength and amplitude of wrinkles between two
vertical rigid elements are also quantiﬁed in postbuckling analysis by FEM. The normalized wrinkle wavelength
(λy /C) and amplitude (Ay /C) related to the normalized
vertical distance (y0 /C) and stretching strain (εx ) are
shown in ﬁgs. 6(a) and (b), respectively. λy /C decreases
and Ay /C increases with stretching strain accompanied
by some sudden drops, where more wrinkles are triggered
as a result of minimizing the potential energy of the system. A larger y0 /C results in a larger λy /C. Ay /C also
increases with rising y0 /C, but the increase is not obvious
when y0 /C is small.
Now we go back to the wrinkle pattern of the membrane
with four rigid elements at diﬀerent positions. Besides the

Fig. 6: (Colour online) Normalized wrinkle wavelength λy /C
(a) and amplitude Ay /C (b) against stretching strain εx for
various normalized vertical distance y0 /C. Symbols connected
by lines are calculated by FEM.

wrinkle patterns observed in experiment (ﬁg. 1), a phase
diagram of wrinkle pattern of the membrane with four
rigid elements related to the positions of rigid elements is
shown in ﬁg. 7 by numerical postbuckling analysis, showing the ability to control wrinkle patterns by changing the
distances between rigid elements.
Wrinkle pattern of a two-end clamped membrane with
periodic arranged square rigid elements. When rigid elements are arranged on the membrane in a periodic pattern and then under uniaxial stretching, diﬀerent wrinkle
patterns are created by designing the positions of rigid
elements as shown in ﬁg. 8. Surface accuracy of thin
membrane is one of the key requirements for membrane
antenna in aerospace engineering. Suitable horizontal
distance between rigid elements can generate a tensile ﬁeld
and further suppress the local wrinkles in the horizontal
regions (ﬁg. 8(a)). The tensile region near the rigid element can be estimated by solving σy2 |y=0 = 0. Then an
approximate solution for the critical distance between the
centers of two horizontal rigid elements (dcr ) is obtained as


7
2
ν+
dcr = 2
a,
(5)
3
3
where ν (ν ≥ 0.2) and a are the Poisson ratio of the membrane and side length of the rigid element, respectively.
The critical distance is important for designing the distribution of periodic rigid elements on membrane. When
the distance between the centers of two horizontal rigid elements is smaller than dcr , compressive stress in the region
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Fig. 7: (Colour online) Wrinkle patterns of the two-end clamped membrane with four rigid elements related to the positions of
rigid elements by numerical postbuckling analysis. The stretching strain εx is 6%.

In our previous work, it is reported that punching
holes can also achieve desired wrinkle patterns in the
membrane or suppress the wrinkles spanning the whole
membrane [15]. Comparing with holes, the rigid elements
exhibit a diﬀerent eﬀect on the modiﬁcation of the stress
ﬁeld in the membrane. For example, there is a tensile region near the rigid element and a compressive region far
Fig. 8: (Colour online) Wrinkle patterns of the membranes from the rigid element along the horizontal center line of
with periodic rigid elements with diﬀerent horizontal (dx ) and the membrane. But the trend is reversed for the stress
vertical (dy ) distances at 3% stretching strain: (a) dx = 10 mm, caused by a hole, i.e., a remarkable compressive region
dy = 16 mm, (b) dx = 30 mm, dy = 8 mm and (c) dx = 30 mm, near the hole and a tensile region relatively far from the
dy = 16 mm. (d) dx = 30 mm, dy = 16 mm in hexago- hole. In addition, an individual rigid element results in
nal pattern. The size of membrane is 200 × 80 × 0.025 mm3 tensile regions in the oblique direction, while compressive
(length × width × thickness), and the side length of the rigid regions in the oblique direction of a hole can be generated
element is 4 mm.
to trigger high-order local wrinkles [15,27]. Thus, wrinkles
decorated on the whole membrane can be eliminated by
locating the rigid elements near the upper and lower edges
between them will be weakened, which even ﬂattens the (ﬁg. 1(e)) or by punching holes along the horizontal center
membrane. As an approximate model, eq. (5) may be line of the stretched membrane near the clamped ends [15].
used to qualitatively understand the wrinkling between
Conclusions. – We have investigated the wrinkle pathorizontal rigid elements as well as the dependence on the
terns
on a two-end clamped rectangular membrane with
Poisson ratio of the membrane and side length of the rigid
square
rigid elements under stretching by changing the poelement. It is noted that, the critical distance in eq. (5)
sitions
of the rigid elements. The rigid elements trigger an
is calculated from eqs. (2), (3) which is the stress induced
inhomogeneous
stress ﬁeld and the distribution of stress in
by a square rigid element in a two-end clamped membrane
the
membrane
is
determined by the competition between
under stretching. For the rigid element with other shapes
the
stress
induced
by clamped ends and the stress induced
in a two-end clamped membrane, the critical distance can
by
rigid
elements.
When the rigid elements are located far
be obtained by the same method. In addition, the wrinfrom
the
clamped
ends, the stress ﬁeld is mainly induced
kles can also be suppressed due to the tensile stress in
by
the
rigid
elements,
while the eﬀect of the rigid elethe oblique direction caused by adjacent rigid elements
ments
is
weak
when
the
rigid
elements are located near the
(ﬁg. 8(b)), compared with the wrinkle pattern in ﬁg. 8(c).
clamped
ends.
The
rigid
elements
can make the two-end
On the other hand, regardless of the position of the rigid
clamped
rectangular
membrane
display
a desired wrinkle
element, local wrinkles in the region between two vertical
pattern
or
even
a
suppression
of
wrinkles
under stretching
rigid elements are always not avoided due to the comwhich
may
be
applied
in
various
disciplines,
such as mempressive stress induced by individual rigid element. As a
brane
manufacturing,
ﬂexible
electronics
and
aerospace
consequence, a complex wrinkle pattern with two diﬀerent
engineering.
sets of wrinkles on one membrane system can be created
(ﬁg. 8(c)). In comparison, a periodic wrinkle pattern with
∗∗∗
only one set of wrinkles in all wrinkled regions can be tailored on the membrane by arranging the rigid elements in
Support from NSFC (Grant Nos. 11202025, 11290153,
a hexagonal lattice (ﬁg. 8(d)).
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