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ABSTRACT

Chiral mode switching initiated by dynamic encircling of an exceptional point (EP) has shown an extraordinary ability in wave controlling.
In this work, we study the chiral mode transfer for acoustic waves in the coupled waveguide system that supports the non-adiabatic evolution
of eigenstates. The system comprises a finite number of structural elements, which are constructed according to parametric conditions in the
loop enclosing the EP and then stacked such that acoustic propagation in the waveguide system is equivalent to the dynamic encircling of the
EP. An analytic model based on the spatial coupled-mode theory is developed, which provides a practical guide to design the system and
makes predictions for dynamic evolution. Numerical simulation of the waveguide system is conducted to demonstrate the chiral mode

switching for sounds.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0163290

Non-Hermitian systems have attracted considerable attention in
recent years."” They were shown to possess many fascinating proper-
ties such as exceptional point (EP),” enhanced sensing,”” and non-
Hermitian skin effect.” The EP refers to a branch singularity at which
both eigenvalues and eigenvectors coalesce simultaneously and is
one of the core concepts in non-Hermitian physics. The Riemann
topological structure of the eigenvalue surface is a behavior of particu-
lar interest associated with the EP. It activates the study of eigenmode
evolution in paths encircling the EP and has led to many novel phe-
nomena.”” Adiabatically encircling the EP along a loop in parameter
space results in the flipping of eigenstates. More interestingly, non-
adiabatically encircling an EP exhibits an intriguing chiral mode
switching phenomenon,” which is immune to the path irregularity as
long as the EP is enclosed.

Recently, there grows a great interest in extension of non-
Hermitian physics to acoustic systems in order to develop unusual
acoustic-control applications.'” Acoustic EPs can be generated in cav-
ity or waveguide structures with the loss and/or gain elements. Thanks
to the design flexibility of an acoustic platform, more complex EP phe-
nomena, including anisotropic EP,'" higher-order EP,'* and excep-
tional nexus,”” have been unveiled and accompanied by richer
eigenvalue topological structures. Topological properties can be
inferred from the mode profiles during the adiabatic evolution of

eigenstates around EPs. To achieve this goal, these systems are con-
structed and measured separately at various parametric points in order
to prevent non-adiabatic transition. Inherently, these models are not
compatible with the dynamic encircling of EPs. Acoustic chiral mode
transfer relying on non-adiabatic evolution has not yet been well
demonstrated.

The dynamic evolution of eigenstates can be achieved by a
Hamiltonian that evolves continuously with time as usually worked
with non-Hermitian quantum systems.'* By analogy with this phe-
nomenon, the chiral transfer of vibration modes has been proposed in
a two-state mechanical system by the time-driven non-adiabatic encir-
cling of EPs."” However, extension of this strategy to acoustics is still
challenging as it relies on the time-modulation of sounds. As an
alternative approach, the space-propagation evolution of the eigen-
state, which is equivalent to the time-evolution scenarios,'®"” has
been used to realize the chiral mode switching in microwave'® and
photonic waveguide systems.'” Acoustic counterpart of chiral
mode switching by space evolution remains under-explored, which
is expected to generate unusual wave manipulation strategies in
acoustic communication and signal processing. In this work, we
report the design of spatially coupled acoustic systems and prove
acoustic chiral mode switching induced by the spatially driven
dynamic encircling of an EP.
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Consider a coupled waveguide system as shown in Fig. 1, which
is composed of two individual waveguides coupled through narrow
tubes arranged periodically. The basic element of the system consists
of two cavities with height h, width a, and length L, connected by a
tube of width w and length L. Acoustic impedance conditions Z; and
Z, are set for two cavities at a circular area of radius R. The energy
gain or drain can be acquired by setting negative or positive acoustic
resistances in the impedance boundary in order to introduce the non-
Hermitian effect. Such kind of the impedance condition is potentially
realizable through loudspeakers with shunting circuits”’ > (see the
supplementary material for details).

The wave propagation in the coupled waveguide system can be
described by the spatial coupled-mode equation,”

.d . _ | B +in K

lE\P(Z) =HY¥(z), H= . B, — iy,
where W(z) = [A;(2), A2(2)]" with A; and A, denoting pressure
fields in a two sub-waveguide system. H represents the Hamiltonian of
the system, where the diagonal terms f3;, + iy, and f, — iy, denote
the complex wavenumber of two individual waveguides, and the off
diagonal term « describes the coupling magnitude of two propagation
modes. The correlation between the Hamiltonian parameters and
structural parameters of the waveguide system can be established
based on the fitting method as given in the supplementary material.
Given an excitation frequency, the complex wavenumber of the indi-
vidual waveguide can be managed by the surface impedance, while the
coupling magnitude x depends on the connection tube. This simple
mapping relationship facilitates the design of acoustic systems with
dynamic encircling of an EP.

The EP condition of the acoustic system can be derived by solv-

ing the eigenvalue problem of Eq. (1). The eigenvalue 4 and corre-
sponding eigenvector  are calculated as
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According to Eq. (2), the condition for EP to occur is ¢ = 0, which
results in f_ =0 and y, =2x. By use of this condition, the waveguide
system possessing an EP can be designed with help of the fitting
method. The structural parameters of the designed EP system are
a=6cm, L=15cm, h=8cm, w=2.56mm, L.=3 cm, and
R=1.95cm. Acoustic impedance is set as Z; = pyco(—5+1i) and

$ O
‘Wave incidence

FIG. 1. Schematic diagram of the acoustic waveguide system that supports the
dynamic evolution of eigenstates around an exceptional point.
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Zy = pyco(5+1i), where the air density p,=1.21kg/m* and sound
velocity ¢ =343 m/s are used. The excitation frequency is chosen
as f=1800Hz. The fitting results of Hamiltonian parameters are
B =p,=32.9rad/m and y, =y, =« =0.16 rad/m, which satisfy the
EP condition.

We proceed to examine the variation in eigenvalues near the EP
in parameter space of coordinates 5, and x as shown in Figs. 2(a) and
2(b). Note that 5, = 32.9 rad/m and y, = 7, = 0.16 rad/m are kept
unchanged upon the variation of f3; and «. It is seen from Fig. 2(a)
that the imaginary part pattern comprises two sheets that are symmet-
ric about the zero plane. The mode with Im(1) < 0 is purely lossy,
while the other mode with Im(4) > 0 is of gain. They represent,
respectively, the propagating waves with the decaying and growing
amplitudes and are termed here as L and G modes for brevity. These
two modes coalesce at the parity-time (PT) symmetric phase line,
where their corresponding real parts bifurcate, forming the branch cut.
At this line, the eigenmode remains unchanged, TV, = ¥, ,,
after the action of the parity-time operator (7). Figure 2(c) shows
the typical modal field of the symmetric phase mode. The energy is
evenly distributed in two cavities. The field distribution is symmetric
for the G mode while it is anti-symmetric for the L one.

The real parts of eigenvalues are characterized by self-intersecting
Riemann surfaces, as shown in Fig. 2(b). They coalesce at the line of
the PT-broken phase, where one mode can be transformed into
another by 7 operation through £y, , = ¥, . As a signature
of these eigenmodes, the energy is unevenly distributed in two cavities
as shown in Fig. 2(d). The eigenvalue Riemann surface shown in Fig. 2
has exhibited the same topology as that in PT-symmetric systems."”
Therefore, we may expect the chiral mode switching for symmetric
phase modes in the process of dynamic encircling of the EP.

In the wave propagation model, space coordinate z plays the
same role of time in the time evolution case,"” such that the dynamic
encircling of the EP can be implemented by the space(z)-driven evolu-
tion of f3, (z) and x(z). The evolution path is chosen as the closed loop
parameterized by

pi(z) = —02sinp(z) + fy, «(z) =02cosPp(z) +1r9, (3)

where f§; =32.97 rad/m, ko= 0.25rad/m, and ¢(z) = 2nz/L, with L,
denoting the total evolution length in the z direction. In Eq. (3), the
start point with the symmetric-phase feature has been warranted as
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FIG. 2. (a) Imaginary and (b) real parts of eigenvalues in parameter space (f3, x);
field pattern of eigenmodes at (c) the symmetric-phase point, (d) broken-phase
point, and (e) start point of dynamic evolution.
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shown in Fig. 2(e). The realistic system with the dynamic evolution
comprises a finite number of elements. Here, the parametric loop is
discretized into N = 140 points with coordinates z; =jL (j = 0,

.., N — 1). At various parametric points 3, (z;) and x(z;), the elemen-
tary structure is constructed by modulating Z; and w, while keeping
other structural parameters unchanged. Then, all elements are stacked
along the z direction so that acoustic propagation in the waveguide
system is equivalent to the dynamic evolution enclosing the EP. The
anti-clockwise (clockwise) evolution along the loop corresponds to the
wave propagation toward the positive (negative) z direction.

Acoustic propagation simulations are performed based on
COMSOL Multiphysics to evaluate the eigenmode evolution under
different conditions of input states and loop directions. Take the L
mode injection and anti-clockwise evolution as an example, this input
condition can be implemented by applying the radiation boundary
condition to the zy-element of the system, where the source pressure is
taken from the L mode at the starting point of the loop. The output
port at the far side of the system is terminated by nonreflecting bound-
aries. Modal amplitudes of L and G modes in the dynamic evolution
process can be retrieved from simulation results by the following pro-
cedure. Denote the domain occupied by the jth element as €;, and two
cavities in this element are further represented by €2;; and €;,. The
corresponding pressure fields obtained from numerical simulation are
denoted by Pj;(€;;) and Pj;(€;2). Now express ®; = [P}, Pjrz]T in
terms of eigenmode bases ; ;(€2j) and Y/ ;(€;) as'®

O = quiy; + 96V, (4)

where g1 j and gg j are modal amplitudes of the interest. Details to cal-
culate the modal amplitude are given in supplementary material.

Figure 3 shows the variation in modal amplitudes along z in four
cases with different input states and evolution directions. In all cases,
the modal amplitude curve is subject to an abrupt change correspond-
ing to the branch cut (BC). Apart from this signature, the curve cross-
ing phenomenon, also known as a non-adiabatic transition (NAT),*
occurs in selective cases of Figs. 3(b) and 3(c). This behavior is inher-
ently related to the non-adiabatic coupling among eigenmodes. Here,
an intuitive understanding to the NAT behavior is provided from the
perspective of wavenumber eigenvalues. Remind that the L or G wave
modes have the decaying or amplifying nature. In Figs. 3(b) and 3(c),
the L mode is dominant before the NAT to occur. With the decaying
nature, its amplitude gradually decreases and tends to intersect the G
mode curve with the growing amplitude, eventually forming the NAT
at a specific point. The absence of the NAT in Figs. 3(a) and 3(d) may
be understood by the fact that the G mode is dominant at the early
stage of dynamic evolution, and it continues to dominate the evolution
due to its amplifying nature such that two curves always keep separate.

The dynamic evolution in the waveguide system can also be pre-
dicted in theory according to Eq. (1) by replacing the Hamiltonian
with the z-dependent one,

_ Bi(z) +in K(z)

. 5
k@) By—in ©)

H(z)

Theoretical predictions of modal amplitudes have been plotted in
Fig. 3 and are in good agreement with simulation results. Slight devia-
tions from simulation results can be attributed to the coupled-mode
approximation and fitting error of the Hamiltonian parameters. It is
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FIG. 3. Simulation and theoretical results of modal amplitudes of L and G modes in
the process of dynamically encircling the EP in four cases: (a) the L mode input
and anti-clockwise evolution; (b) the G mode input and anti-clockwise evolution; (c)
the L mode input and clockwise evolution; (d) the G mode input and clockwise
evolution.

concluded from Fig. 3 that the system outputs the G mode for the
anti-clockwise evolution case, while exports the L mode for the clock-
wise evolution case. This mode transferring behavior, which is decided
by the evolution direction, while irrelevant to the input state, is
referred to as the chiral mode switching,9 and is consistent with the
phenomenon in the time-driven evolution scenario.'”

Chiral mode transfer can be further confirmed by examining
pressure phase information of input and output elements. Denote the
phase difference between two cavities by A0. Figure 4 plots the varia-
tion of |A0|/m in the waveguide system. The start/end point locates
near the symmetric-phase line. So, two cavities in input and output
elements should be either out of phase |Af|/n ~ 1 (L mode) or in
phase |A0]/7 ~ 0 (G mode), depending on the result of chiral switch-
ing. It can be observed from Fig. 4 that the clockwise evolution around
the EP ends with the L mode, while the G mode is obtained at the end
of the anti-clockwise evolution. Theoretical predictions coincide very
well with simulation results, clearly demonstrating acoustic chiral
mode switching.

In summary, acoustic non-adiabatic encircling of an EP is studied
in a coupled waveguide system. An analytic model is established based
on the spatial coupled-mode theory to describe the dynamic evolution
of eigenstates. We first construct a PT-symmetric EP and then design
a waveguide system according to a parametric loop enclosing the EP
such that acoustic propagation in the system is equivalent to the
dynamic encircling of the EP. Both theoretical and numerical results
demonstrate acoustic chiral mode switching. Apart from proving
acoustic chiral dynamics, this work provides a platform for exploring
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FIG. 4. (a)-(d) Simulation and theoretical results of |A6| /= in the waveguide sys-
tem, corresponding to four cases in Figs. 3(a)-3(d), respectively. The insets show
the pressure field distribution for input and output elements.

the non-adiabatic coupling behavior of sounds, which may contribute
to the observation of other quantum-like behaviors.

See the supplementary material for more details on the potential
realization of acoustic impedance conditions Z; and Z,, the fitting
method of Hamiltonian parameters, and the calculation method of
modal amplitudes.
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