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A B S T R A C T   

A momentum source function is constructed for wave generation based on linear wave theory. Based on Navier- 
Stokes equation and volume of fluid (VOF) method, a three-dimensional numerical wave tank (NWT) is estab
lished. Regular and irregular waves can be simulated by applying the momentum source function to NWT, and 
the expected wave characteristic parameters and wave spectrum are obtained. Furthermore, the load charac
teristics of two types of cylinders, fully piercing cylinder (FPC) and truncated cylinder (TC), are studied under 
regular wave field combined with boundary data immersed method (BDIM). Results show that the transverse 
force exerted on cylinders is dominated by inertial force. And because of the effects of the cylinder on wave 
profile and drag force, the maximum transverse force occurs soon after the wave node passes through the 
centerline of the cylinder. Compared with the FPC, the drag force has a greater influence on TC.   

1. Introduction 

Numerical wave tank (NWT) is an important tool to study the 
characteristics of water waves and the interaction between water waves 
and structures. At present, most NWT is based on viscous Navier-Stokes 
equations (Choi and Yoon, 2009; Guo et al., 2012; Lin and Liu, 1999; 
Martínez-Ferrer et al., 2018; Perić and Abdel-Maksoud, 2015; Wang and 
Gao, 2022) or potential flow theory (Ben-long and Hua, 2005; Benxia 
et al., 2004; Dommermuth and Yue, 1987; Houtani et al., 2018; Wei 
et al., 1999; West et al., 1987; Xu et al., 2022). Laplace equation is 
considered as the governing equation for NWT based on potential flow 
theory, which has a long history and is relatively mature at present. 
However, when the fluid viscosity cannot be ignored, especially in the 
wave-structure interaction (WSI) where the viscous effect is important, 
the NWT based on potential flow theory can no longer meet the demand. 
With computational performance continuously improving, the viscous 
NWT has gradually been further studied and widely used. 

Wave generation method mainly includes the physical wave gener
ation method (such as moving boundary method), setting generation 
boundary, setting generation region where the velocity or other pa
rameters are designated, and the source function method. The source 
function method is divided into mass source function method and mo
mentum source function method. Lin and Liu (1999) established a NWT 

based on a mass source function from the continuity equation, and by 
using different mass source functions, linear regular waves, irregular 
waves, Stokes waves, solitary waves and elliptical cosine waves can be 
realized. Based on Boussinesq models, Wei et al. (1999) proposed a mass 
source function that can effectively simulate regular and random waves, 
and further derive the source function for momentum equation. 
Furthermore, Choi and Yoon (2009) and Ha et al. (2013) applied Wei’s 
internal wave maker to three-dimensional viscous NWT using the mo
mentum source function, and the expected regular and irregular waves 
are produced. Wang and Gao (2022) combined velocity-inlet boundary 
with momentum source function based on fifth-order Stokes wave the
ory to ensure the accuracy of waves propagation, and the effectiveness of 
wave generation with different steepness is verified. 

In this paper, a momentum source function for regular and random 
waves generation method are proposed based on linear water wave 
theory, and the NWT is established by combining the three-dimensional 
viscous Navier-Stokes equations and VOF method. Regular waves with 
different wave parameters and random waves based on JONSWAP 
spectrum are simulated. Finally, combined with the boundary data im
mersion method (IBM), the transverse force characteristics of the cyl
inder under regular wave conditions are simulated. 
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2. Numerical model 

2.1. Mathematical model 

The impressible viscous Navier-Stokes equation is adopted to solve 
the wave field: 

∇ ⋅ U = 0 (1)  

∂U
∂t

+(U ⋅∇)U = −
1
ρ∇p + μ∇⋅(∇U) + g + f σ + f w + f d (2)  

where, U = [u, v, w] is the velocity vector, p denotes pressure, g repre
sents gravitational acceleration, fσ is the surface tensor, fw is the mo
mentum source function for wave generation, fd is the momentum 
source function for wave absorbing. ρ and μ denote mixing density and 
dynamic viscosity respectively, and the mixing parameters are defined 
as 

ρ=αlρw + (1 − αl)ρa (3)  

μ=αlμw + (1 − αl)μa (4)  

where, ρw and ρa are the density of water and air respectively, and αl is 
the volume fraction of water. 

The VOF method (Tryggvason et al., 2006) is applied to capturing the 
gas-liquid interface and the advection of the volume fraction function is 
governed by 

∂αl

∂t
+U⋅∇αl = 0 (5)  

2.2. Momentum source function 

The velocity potential function based on linear theory of surface 
gravity waves is (Dean and Dalrymple, 1991) 

φ=
Ag
ω

cos hk(h + y)
cos hkh

sin(kx − ωt) (6)  

where, h is the water depth, k denotes wave number, A is the wave 
amplitude, g is the gravitational acceleration, ω is the angular frequency, 
x is the direction along which wave propagate, y is the vertical coordi
nate of NWT and y = 0 represents the static water surface. 

According to Equation (6), the fluid velocities of wave field could be 
derived by 

uw =
∂φ
∂x

=
Akg
ω

cos hk(h + y)
cos hkh

cos(kx − ωt) (7)  

vw =
∂φ
∂y

=
Akg
ω

sin hk(h + y)
cos hkh

sin(kx − ωt) (8) 

Further, the fluid acceleration is the derivative of velocity with 
respect to time: 

fx =
duw

dt
=

∂uw

∂t
+ Uw⋅∇uw = Akg

cos hk(h + y)
cos hkh

sin(kx − ωt) + Uw⋅∇uw (9)  

fy =
dvw

dt
=

∂vw

∂t
+ U⋅∇vw = − Akg

sin hk(h + y)
cos hkh

cos(kx − ωt) + Uw⋅∇vw

(10)  

where Uw = [uw, vw]. 
For still water, the momentum source function in the form of gravity 

wave acceleration fx and fy can be introduced into the N–S equation to 
force the still wave surface to generate motion. Under the assumption of 
small amplitude, the convection term is relatively small and can be 
ignored. Therefore, the momentum source function for wave generation 
is taken as 

fwx =
∂uw

∂t
= Akg

cos hk(h + z)
cos hkh

sin(kx − ωt) (11)  

fwz =
∂ww

∂t
= − Akg

sin hk(h + z)
cos hkh

cos(kx − ωt) (12) 

The dispersion relationship is given by 

ω2 = kg tanh(kh) (13)  

2.3. Wave absorbing method 

At the exit of the NWT, a wave absorber zone is set to eliminate the 
wave to avoid the influence of reflected water wave from outlet 
boundary on the upstream wave field. The momentum source function 
for wave absorbing is given by 

f d = − C(x)U (14)  

where C(x) is the damping coefficient (Wei and Kirby, 1995), 

C(x)=α
exp

[(
x− xin

xout − xin

)n]

− 1

exp(1) − 1
xin < x< xout (15)  

where, xin and xout are the inlet coordinate and outlet coordinate of the 
wave absorber zone respectively. And α and n are the empirical pa
rameters determined by numerical tests (Ha et al., 2013; Lin and Liu, 
2004). The damping coefficient is only defined in the wave absorber 
zone and is always zero outside the absorber zone. In this study, the 
empirical parameters are taken as n = 10 and α = 200 (Lin and Liu, 
2004). The length of the wave absorber zone is set 1.5L, where L is the 
wavelength. 

2.4. Boundary data immersion method 

Boundary data immersion method (BDIM) (Weymouth and Yue, 
2011) is adopted to simulate the wave-structure interaction. The 
meta-equation defined over full domain is constructed by 

Mε ≡Bε(Ψε)+Fε(Ψ ε)+ Sε(Ψ ε)= 0 (16)  

where Ψε is any physical quantity related to space and time in the whole 
solution domain. Bε(Ψε), Fε(Ψε) and Sε(Ψε) are defined by 

Bε(Ψ , x, t)=
∫

Ωb

B(Ψ , xb, t)Kε(x, xb)dxbFε(Ψ , x, t)

=

∫

Ωf

F
(
Ψ , xf , t

)
Kε

(
x, xf

)
dxf Sε(Ψ , x, t)=

∫

σs

S
(
Ψ , xf , t

)
Kε(x, xs)dxs

(17)  

where B = 0 and F = 0 are the governing equations in solid domain Ωb 
and fluid domain Ωf respectively. And S = 0 are the interfacial condi
tions on interface σs. Kε is the delta integration kernel and satisfies, 
∫

Ω

Kε(x, y)dy ≡ 1  

Kε(x, y) ≡ 0, |x, y| > ε (18) 

The governing meta-equation Mε is constructed by the immersion 
data immersion method by convoluting and assembling the fluid gov
erning equation, rigid-body equation and the body boundary condition 
over a width ε. The transition between those equations is smooth and 
located within the small distance ε of the interface σs. 

Considering the main contribution in the kernel Kε, Equation (17) 
can be simplified to 
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Bε(Ψε, x, t) ≈ B(Ψε, x, t)
∫

Ωb

Kε(x, xb)dxb  

= B(Ψε, x, t)δB
ε (x, t)

Fε(Ψε, x, t) ≈ F(Ψ ε, x, t)
∫

Ωf

Kε
(
x, xf

)
dxf  

= F(Ψε, x, t)δF
ε (x, t)

Sε(Ψε, x, t) ≈ S(Ψ ε, x, t)
∫

σs

Kε(x, xs)dxs  

= S(Ψ ε, x, t)δS
ε(x, t) (19) 

Therefore, Equation (16) can be transformed to 

Mε(Ψε)≡ δB
ε B(Ψε)+ δF

ε F(Ψε)+ δS
εS(Ψ ε)= 0 (20) 

The no-slip boundary condition is applied and the meta-equation can 
be further simplified to 

Mε(Ψε)≡ δB
ε B(Ψε)+

(
1 − δB

ε
)
F(Ψε)= 0 (21)  

where, solid domain is governed by 

B(U)=U − Us = 0 (22)  

where U and Us are fluid and solid velocity respectively. So, B(U) = U =
0 for stationary cylinder. 

The hydrodynamic force exerted on cylinder is approximated by 

Fhydro =

∫

0<δB
ε <1

δB
ε

∫

A

(
pn − μ

[
∇u+(∇u)T]n

)
dAdδB

ε (23)  

where A is the isosurface of δε
B and n is the unit normal vector on A. 

2.5. Numerical solution method 

The projection method (Chorin, 1968) is used for numerical solution. 
The liquid volume fraction of next time step is solved by advection 
function. For N–S equation, the pressure term, diffusion term, gravity, 
surface tension, wave-maker and wave absorber momentum source 
function are ignored, and estimated velocity U* of next time step is 
obtained by using the convection term: 

∂αl
n+1

∂t
= − Un⋅∇αl

n (24)  

∂(ρU∗)

∂t
= − ∇⋅(ρUnUn) (25)  

where, the time derivative is discretized by the first order forward dif
ference, and the convection term is discretized by the second order 
upwind scheme. Before solving the advection equation, the interface is 
approximated by piecewise linear interface calculation (PLIC) method 
(Tryggvason et al., 2006). The second order upwind scheme of x-coor
dinate velocity is as follows: 

un+1
i = un

i − Δt
(
a+u−

x + a− u+
x

)

a+ =max
(
un

i , 0
)

a− =min
(
un

i , 0
)

(26)  

u−
x =

3un
i − 4un

i− 1 + un
i− 2

2Δx  

u+
x =

− un
i+2 + 4un

i+1 − 3un
i

2Δx 

Secondly, the diffusion term is used to update the velocity from U* to 
U**: 

∂(ρU∗∗)

∂t
=∇⋅(μ∇U∗) (27)  

in this step, the alternating direction implicit difference method (ADI) is 
used for discretization. 

Thirdly, the pressure field pn+1 is solved based on pressure Poisson 
equation: 

∇ ⋅
(

1
ρn∇pn+1

)

=
∇⋅U∗∗

Δt
(28) 

And the successive over-relaxation (SOR) iterative method is adop
ted to solve Poisson equation, and the discretization scheme is as 
follows: 

pn+1
i = λ

[
1
ρ

(
pn

i− 1 + pn
i+1

Δx2 +
pn

j− 1 + pn
j+1

Δy2 +
pn

k− 1 + pn
k+1

Δz2

)

+
∇⋅u∗∗

Δt

]/
1
ρ

(
1

Δx2 +
1

Δy2 +
1

Δz2

)

+ (1 − λ)pn
i (29) 

Finally, through the projection step, the velocity field of next time 
step is updated by using pressure term and body force: 

Un+1 − U∗∗

Δt
= −

1
ρn∇pn+1 + g + f σ + f w + f d (30)  

where the surface tensor fσ is solved by continuum surface force 
(Brackbill et al., 1992) (CSF) model and height function method (Guo 
et al., 2015; Malik et al., 2007). 

3. Results and discussion 

3.1. Regular wave generation 

The numerical simulation of unidirectional regular wave is firstly 
conducted. Regular wave numerical tank is carried out by constructing 
wave-maker zone, working zone and wave absorbing area. Fig. 1 shows 
the section schematic of the numerical wave tank. When solving the N–S 
equation in the wave-maker region, the momentum source function fwx 
and fwy of Equations (11) and (12) is introduced. According to the nu
merical tests, in order to guarantee the consistency between the gener
ated numerical regular wave and the expected wave, the length Lgm of 
the wave-maker zone needs to satisfy 

0.18λ < Lgm < 0.22λ (31)  

where, λ is the wavelength. 
Numerical convergence tests are first conducted for regular wave 

with wave height H = 0.34 m and angular frequency ω = 3.04 rad/s 
using Cartesian grid. For grid study, the reference simulation is based on 
cell number N = 5.67e6, corresponding to roughly 150 cells per 

Fig. 1. Section scheme of numerical wave tank.  
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wavelength and 8 cells per wave height. The timestep for reference 
simulation is Δt = 5e-4s, corresponding to about 4000 timesteps per 
wave period. Simulations are conducted on two coarser grids with 
otherwise the same setup as the reference simulation, which are coars
ened in both x-direction and y-direction by a factor 1.5 (resulting in 
roughly 100 cells per wavelength and 5 cells per wave height) and 2.25 
(resulting in roughly 67 cells per wavelength and 4 cells per wave 
height), respectively. The monitored water surface elevation shown in 
Fig. 2(a) indicates that for the three grids, almost the same waves are 
generated and the differences in wave height are less than 9%. Even for 
the coarsest grid with only 4 cells per wave height, the wave profile and 
height can be effectively produced, showing that the numerical method 
is robust and only when the ratio of horizontal grid size to vertical grid 
size is appropriate, stable wave profiles can be guaranteed (Ha et al., 
2013). 

Besides, for timestep study, the reference simulation is based on Δt =
5e-4s and N = 1.12e6. Simulations are performed on two longer time
steps with otherwise the same setup as the reference simulation, which 
are Δt = 7.5e-4s and Δt = 1e-3s. As shown in Fig. 2(b), for Δt = 5e-4s and 
Δt = 7.5e-4s, nearly the same wave profiles are produced and the dif
ference in wave height is less than 1%. Thus, the performance of the 
wave tank can be considered independent of the grid and timestep for 
practical purposes. 

Fig. 3 shows the numerical wave profile distribution along x-coor
dinate of regular wave with wave height H = 0.34 m and angular fre
quency ω = 3.04 rad/s at different times. As shown in Fig. 3, the wave 
amplitude along x coordinate in working zone is basically consistent. In 
the wave absorbing area, the wave height gradually attenuates to zero, 
indicating that the wave absorbing method based on momentum source 
function has good wave absorption effect. 

Fig. 4 shows the evolution process of wave surface displacement at 
the central point of the working zone. It can be seen from Fig. 4 that the wave surface displacement evolution is basically consistent with the 

third-order Stokes wave, and the amplitude and frequency of both are 
basically the same. Taking the static water surface as reference, the wave 
crest height is greater than the wave trough height, and the wave is no 
longer linear wave. The results show that although the wave-making 
momentum source function is based on the linear wave theory, under 
the continuous action of gravity, the wave propagating from the wave 
generation zone will develop into actual wave in the working zone, and 
the wave-making source function is mainly used as the initial distur
bance to generate expected waves. 

Fig. 5 shows the frequency spectrum of regular wave surface 
displacement, which is obtained by taking the average value of the 
frequency spectrum of displacement evolution at different mesh nodes 
on wave surface in the working area. It can be seen from Fig. 5 that the 
peak frequency of numerically generated wave is ω = 2.93 rad/s, while 
the frequency of expected regular wave is ω = 2.93 rad/s, and the error 
is less than 3%. The average amplitude of the numerical wave is A =
0.171 m, and the expected wave amplitude is Ainput = 0.17 m, with an 
error less than 1%. The above results show that the wave-maker method 

Fig. 2. Numerical convergence tests for a regular wave.  

Fig. 3. Wave profile along x-coordinate of regular wave at different times.  

Fig. 4. Wave surface displacement of regular wave simulation and third-order 
Stokes wave. 

Fig. 5. Frequency spectrum of regular wave surface displacement.  
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based on the momentum source function can accurately simulate regular 
waves. 

Table 1 shows the numerical results under different wave parame
ters. The length of wave-maker zone is always set to 0.22λ. As shown in 
Table 1, when the wave height H is not greater than 1 m, the wave height 
and frequency of numerical regular waves are relatively consistent with 
the input values. When the input wave height is greater than 1.5 m, the 
error of numerical wave height increases significantly. Therefore, when 
the wave height of the simulated wave increases gradually, in order to 
make the wave height consistent with the input values, the length of the 
wave-maker zone should be appropriately reduced. 

3.2. Irregular wave generation 

The actual ocean waves are random waves, whose wave energy is 
distributed at different frequencies and in different propagation di
rections. According to the Longuet-Higgins wave theory, the surface 
displacement of random waves can be expressed as the superposition of 
cosine waves with different frequencies and initial random phases. 
Therefore, the wave-maker momentum source function for random 
waves can be obtained by linear superposition of source function of 
regular waves with different frequencies, 

fwx =
∑N

n=1
ankng

cos hk(y + h)
cos hkh

sin(knx − ωnt+ εn) (32)  

fwz = −
∑N

n=1
ankng

sin hk(y + h)
cos hkh

cos(knx − ωnt+ εn) (33)  

where, N is the total number of constituent waves, and an is the ampli
tude of the nth constituent wave; kn and ωn is the wave number and 
circular frequency of the nth constituent wave; t is time; εn is the initial 
random phase of the nth constituent wave, and is distributed uniformly 
and randomly in the range of [0,2π). In this paper, N = 100 and εn Take 
the pseudo-random number generated by computer. 

The random phase spectrum method (RPSM) (Borgman, 1969; 
Yuxiu, 1981) is used to calculate parameters in the momentum source 
function for random wave generation, and the JONSWAP spectrum is 
selected as the target spectrum. The JONSWAP spectrum needs to be 
divided into N parts to calculate wave parameters of every constituent 
wave, and if the frequency range is divided by the equal energy method, 
the amplitude of the nth constituent wave is given by 

an =
2m0

N
(34)  

where m0 is the zeroth-order moment of JONSWAP spectrum. 
Fig. 6 shows the displacement evolution at a fixed position on the 

random wave surface with spectral peak frequency ωp = 0.7 rad/s and 
significant wave height Hs = 7.65 m. As shown in Fig. 6, the displace
ment evolution has relatively obvious quasi-periodicity, which corre
spond to the peak frequency of the wave spectrum, and the amplitude of 
the wave component corresponding to the peak frequency is the largest. 
After 50s, the wave has developed completely, and the wave amplitude 
is almost stable. Fig. 7 shows the three-dimensional random wave sur
face at one moment in time and the corresponding surface displacement 
distribution at the middle section of NWT. 

Fig. 8 shows the power spectrum of the aforementioned random 
wave surface displacement and JONSWAP spectrum. The peak value of 
the numerical random wave spectrum is basically consistent with that of 
JONSWAP spectrum. The numerical irregular wave spectral peak fre
quency is 0.675 rad/s, and the JONSWAP spectral peak frequency is 0.7 
rad/s, indicating that numerical wave deviates slightly from the input 
wave. The significant wave height Hs of random waves could be calcu
lated by the zeroth-order moment of wave spectrum: 

Hs = 3.8
̅̅̅̅̅̅
m0

√
(35) 

The significant wave height based on the numerical wave spectrum 
and JONSWAP spectrum are 7.65 m and 8.03 m respectively, and the 
deviation is less than 5%. As shown in Fig. 8, the amplitude of the nu
merical wave spectrum is smaller than that of the JONSWAP spectrum in 
high-frequency range, while in low-frequency range, the amplitude is 
larger, which may be related to the form of the momentum source 
function and the fluid viscosity. The wave-maker source function of the 
random wave is based on the inviscid linear wave theory. When viscous 
dissipation exists, the high-frequency component decays faster and the 
low-frequency component decays slower, resulting in the smaller 
amplitude of the high-frequency range and the larger amplitude of the 
low-frequency range in wave spectrum. 

3.3. Horizontal wave force on different cylinders under regular wave 

Based on the regular wave numerical tank, the force exerted on 

Table 1 
Results of regular wave simulation under different wave conditions.   

Wave Height/m Angular Frequency/(rad/s) 

Input Num. er/% Input Num. er/% 

Case 1 0.09 0.0932 3.5 3.04 3.07 1 
Case 2 0.34 0.342 1 3.04 2.93 3 
Case 3 0.5 0.488 2.4 3.04 2.945 3.1 
Case 4 1.0 1.04 4 0.628 0.634 1 
Case 5 1.5 1.77 18 0.628 0.636 1.3  

Fig. 6. Evolution of random wave surface displacement.  
Fig. 7. Three-dimensional wave surface and displacement distribution of 
random wave surface (t = 18s). 
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cylinder under regular wave field is studied. The interaction between 
regular wave and fully piercing cylinder (FPC) is firstly studied. The 
numerical model is shown in Fig. 9. For a L = 6λ long, w = 1.9λ wide and 
d = 0.9λ deep numerical wave tank, the wavemaker area length wg is 
0.2λ, the cylinder is set at the center of the tank, and the cylinder 
diameter D = 0.126λ. A target wave has wave height of H = 0.45 m, 
wavelength of λ = 6.7 m, frequency of ω = 3.04 rad/s. 

Fig. 10 shows the transverse wave force acted on FPC under regular 
wave and the result based on Morison equation (Dean and Dalrymple, 
1991). As shown in Fig. 10, the wave force presents a periodicity and the 
period of the wave force evolution is consistent with the wave period. 
The maximum positive force on the cylinder is greater than the 
maximum negative transverse force. This is because the maximum 
positive force occurs near the wave crest, while the maximum negative 
force occurs near the wave trough. The liquid level near the wave crest is 
higher than the wave trough, and the viscous force on the cylinder near 
the wave crest is greater, so the maximum positive force on the cylinder 

near the wave crest is greater than the maximum negative force near the 
wave trough. 

The horizontal force evolution obtained by numerical simulation is 
basically consistent with that calculated by Morison equation, but the 
maximum positive and negative force obtained by simulation is greater 
than that calculated by Morison equation, which is related to the wave 
surface deformation. Morison equation is based on the assumption that 
the wave field will not be affected when cylinder is mounted at NWT, but 

Fig. 8. Wave spectrum of numerical random wave and JONSWAP spectrum.  

Fig. 9. Schematic diagram of numerical wave tank with FPC.  

Fig. 10. Evolution of transverse force exerted on FPC with positive maximum, 
negative maximum and minimum values marked. 

Fig. 11. Three-dimensional wave surface and liquid volume fraction distribu
tion on the middle section (H = 0.45 m). 
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actually the wave profile has changed, especially near the cylinder, and 
the wave shape has changed significantly. Fig. 10 shows three moments 
t1, t2 and t3 when the maximum positive force, the minimum force and 
the maximum negative force occur respectively. And Fig. 11 shows the 
three-dimensional wave surface and the volume fraction distribution of 
the liquid phase on the middle section of NWT corresponding to the 
three moments t1, t2 and t3. When t = t1, the transverse force reaches the 
maximum in the positive direction. It can be seen from Fig. 11(a) that 
the right end of the cylinder is at one-quarter of the wave length to the 
right of the wave crest. According to Morison equation, the transverse 
force mainly comes from the inertial force generated by fluid accelera
tion and the drag generated by fluid viscosity, and the inertial force is far 
greater than the viscous drag, as shown in Fig. 12. Fig. 12 shows the 
transverse force calculated based on Morison equation and the corre
sponding inertial force and viscous drag. If it is assumed that the cyl
inder has ignorable disturbance on the wave field, then theoretically 
when the center of the cylinder is at one-quarter of the wave length to 
the right of the wave crest (that’s the right wave node, RWN), the in
ertial force reaches the maximum, and the viscous drag is zero. It can be 
seen from Fig. 12 that the viscous drag exerted on the cylinder is almost 
negligible, and the transverse force is mainly dominated by the inertial 
force. When the center of the cylinder is in front of the wave node to the 
immediate right of the wave peak (the wave node has not passed 
through the center of the cylinder), the viscous drag is in negative di
rection, contrary to the direction of the inertial force, and the transverse 
force on the cylinder is slightly less than the inertial force. When the 
center of the cylinder is behind the wave node (the wave node has 
passed through the center of the cylinder), the viscous drag is positive, 
and its direction is the same as the inertial force. The transverse force on 
the cylinder is slightly greater than the inertial force. However, it can be 
seen from Fig. 11(a) that when the wave node on the immediate right 
side of the wave crest passes through the cylinder, the wave profile near 
the cylinder is transformed obviously: the wave surface on the left side of 
the cylinder is higher than that without disturbance, and the wave 
surface on the right side of the cylinder is lower than that without cyl
inder. The existence of the cylinder results in an additional height dif
ference between the front and rear sides of the cylinder. This additional 
height difference will make the inertial force on the cylinder greater 
than the inertial force calculated by Morison, so the maximum positive 
transverse force will also be greater. Based on Morison equation, when 
the center of the cylinder is at RWN, the inertial force reaches the 
maximum, and the total transverse force also reaches the maximum. 
However, in practice, due to the low flow velocity near the cylinder, the 

height difference between the front and rear of the cylinder is small, and 
the inertial force does not reach the peak. Therefore, the actual total 
transverse force on the cylinder does not reach the maximum when the 
center of the cylinder is at the wave node. As the wave continues to 
propagate forward, when the wave node reaches the right end of the 
cylinder, the inertial force on the cylinder reaches the maximum, and 
the transverse force on the cylinder reaches the maximum in the positive 
direction. 

As shown in Figs. 11(b) and 10, when t = t2, the center of the cylinder 
is located at about D/2 to the left of the wave crest, the positive viscous 
force is balanced with the negative inertial force, and the transverse 
force on the cylinder is zero. It can be seen from Fig. 12 that when the 
center of the cylinder is at the wave crest, the inertial force is basically 
zero, and the viscous drag reaches the maximum due to the maximum 
horizontal velocity, so the cylinder is subjected to positive transverse 
force at this time. Therefore, in order to make the total transverse force 
on the cylinder zero, negative inertial force is required, that is, the 
cylinder is located on the left side of the wave crest. 

When t = t3, the transverse force reaches the negative maximum. At 
this time, the rightmost end of the cylinder is at nearly one-quarter of the 
wave length to the immediate left of the wave crest (that’s the left wave 
node, LWN). Similar to the situation where maximum positive force is 
reached, if the cylinder has little effect on the wave field, the transverse 
force should reach the negative maximum value when the center of the 
cylinder is located at LWN. However, due to the disturbance of the 
cylinder, an additional wave height difference between the front and 
rear of the cylinder exists, and the maximum negative force on the 
cylinder reaches after the LWN passes through the cylinder center for a 
distance (about D/2). 

In addition, the force on a truncated cylinder (TC) under regular 
wave has also been studied. The schematic diagram of the cross-section 
of numerical wave tank is shown in Fig. 13. For a L = 4.7λ long, w =
0.31λ wide and d = 0.27λ deep numerical wave tank, the wavemaker 
area length wg is 0.2λ, the cylinder is set at the center of the tank, the 
cylinder diameter D = 0.05λ, and the initial immersion depth of the 
cylinder is h = 0.1λ. A target wave has wave height of H = 0.41 m, 
wavelength of λ = 6.4 m, frequency of ω = 3.0 rad/s. 

Fig. 14 shows the evolution of the transverse force on the truncated 
cylinder, and the curve based on Morison equation. Firstly, the accuracy 
of Morison equation for truncated cylinder is verified, and the validation 
data is based on the numerical results of Wang et al. (2022). As shown in 
Fig. 14, good agreement is achieved between the numerical results and 
Morison equation of H = 0.31 m, and the difference between the 
maximum positive force and maximum negative force is small because 
of small ratio of D/λ. And because the interference of the cylinder on the 
wave field is relatively small, the transverse force calculated by Morison 
is close to the actual force. 

The force evolution of the truncated cylinder is also basically 
consistent with that calculated by Morison equation for wave height H 
= 0.41 m. As shown in Fig. 14, three moments t1, t2 and t3 are marked 
when the maximum positive force, the minimum force and the 
maximum negative force occur respectively. Moreover, Fig. 15 shows 

Fig. 12. The lateral force on FPC based on Morison equation and the corre
sponding inertial force FI and viscous drag FD (H = 0.45 m). Fig. 13. Schematic diagram of the middle section of NWT with TC.  
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the three-dimensional wave surface and the distribution of the liquid 
volume fraction on the middle section of NWT to above three moments. 
When t = t1, the horizontal force acting on the TC reaches the maximum 
in the positive direction. It can be seen from Fig. 15(a) that the rightmost 
end of the truncated cylinder is at λ/8 to the right of the wave crest. 
Fig. 16 shows the lateral force on the TC based on Morison equation and 
the corresponding inertia force and viscous drag. The results, shown in 

Figs. 16 and 12, demonstrate that the transverse force on TC is still 
dominated by the inertial force, but the influence of viscous drag in
creases in comparison to FPC. Therefore, the maximum transverse force 
on TC does not occur when the inertial force reaches the positive 
maximum, that is, when the center of the truncated cylinder coincides 
with the RWN. According to the results of Morison equation in Fig. 16, 
when the wave profile is not disturbed by cylinder, the maximum 

Fig. 14. Evolution of transverse force exerted on TC with positive maximum, 
negative maximum and minimum values marked. 

Fig. 15. Three-dimensional wave surface and liquid volume fraction distribution on the middle section (H = 0.41 m).  

Fig. 16. The lateral force on TC based on Morison equation and the corre
sponding inertial force FI and viscous drag FD (H = 0.41 m). 
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transverse force lag lags behind maximum inertial force about 0.05T. In 
addition, due to wave deformation near the truncated cylinder, the 
maximum horizontal force on TC occurs at about λ/8 to the right of wave 
crest, and TC is relatively closer to the wave crest compared with FPC. 

As shown in Figs. 15(b) and 14, when t = t2, the center of the trun
cated cylinder is located at about D/2 to the left of the wave crest, and 
the transverse force is zero. Fig. 16 shows that when the inertia force is 
zero (the center of the truncated cylinder is near the wave crest), the 
viscous drag reaches the maximum due to the high horizontal flow ve
locity, and at this moment the cylinder is subjected to a positive trans
verse force. Therefore, in order to realize the minimum transverse force, 
a negative inertial force is required, that is, located on the immediate left 
of wave crest. Similar to FPC, when t = t3, the transverse force on the 
truncated cylinder reaches the negative maximum and the rightmost end 
of TC is around at LWN. In other words, because of the disturbance of 
truncated cylinder on wave surface, the maximum negative transverse 
emerges about D/2 after the LWN passes through the cylinder center. 

4. Conclusion 

The momentum source function for regular and random waves are 
constructed based on the linear wave theory, and the numerical wave 
tank is established by combining the incompressible viscous N–S equa
tion and VOF method. Regular waves with different wave parameters 
and random wave based on JONSWAP spectrum are simulated and 
verified, and the wave force characteristics on FPC and TC under regular 
wave are studied by combining the boundary data immersion method. 
When the length of wavemaker is taken as Lgm = 0.22λ and regular wave 
amplitude is less than 1.5 m, the amplitude and frequency of numerical 
wave are in good agreement with the expected wave. When the wave 
amplitude is greater than 1.5 m, the amplitude of the numerical regular 
wave is larger than the expected, while the frequency is still satisfactory. 
Therefore, the length of the wavemaker zone should be appropriately 
reduced to obtain the desired amplitude. 

Random waves can be generated by the linear superposition of the 
regular wave’s momentum source function. The wave spectrum of the 
numerical random wave is almost consistent with the expected JONS
WAP spectrum, and the significant wave height is also basically the 
same. However, the energy of the high-frequency component in nu
merical spectrum is less than the expected, while the low-frequency 
component is higher than the expected value, which is related to the 
energy dissipation caused by fluid viscosity. 

The transverse force on the cylinder obtained by regular wave’s NWT 
is consistent with Morison equation. The transverse force is dominated 
by the inertial force, but because of the interference of cylinder with 
wave profile, the positive or negative maximum of the transverse force 
occurs after the right or left wave node passes through the center of the 
cylinder. Compared with the FPC, the viscous drag accounts for a larger 
proportion of the transverse force on the TC. 
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