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Abstract The focus of this research is on designing a

longitudinally excited lightweight metastructure that

consists of external units distributed periodically, each

enhanced with internal oscillators to serve as vibration

absorbers. The metastructure initially exhibits unifor-

mity, with all absorbers being identical to each other,

being comprised of a cantilever that is integrated into

the external parts of the metastructure, with each

cantilever containing a concentrated mass block at its

tip. Despite its simplicity and suitability for 3D

printing, the design of the absorbers could not be kept

in the original form when previous theoretical

attempts were made with a view to achieving maximal

vibration attenuation efficiency around the second

resonance. To overcome this shortcoming and keep

the absorbers in the original shape, this study under-

takes a machine learning methodology to mitigate

vibrations near the second resonant frequencies itself,

as well as around the first and second resonant

frequencies simultaneously. The newly designed

metastructure is manufactured, and its advantageous

vibration mitigation capabilities are experimentally

verified qualitatively. Additionally, physical insight

into the configuration and arrangement of the rede-

signed absorbers in the newly designed metastructure

is provided.

Keywords Metastructure � Vibration attenuation �
Absorbers � Design � Machine learning

1 Introduction

The concept of ‘metastructures’ has recently emerged

in the field of vibration control, drawing inspiration

from the development of metamaterials [1–3]. This

approach involves utilizing an array of distributed and

appropriately tuned auxiliary oscillators, usually posi-

tioned within/on the external/main components of a

structure to effectively manage its vibration response.

While the term itself is relatively new, its essence can

be traced back to the extension of Den Hartog’s

methodology [4] for controlling the response of a main

vibrating structure, which is modelled as a one-degree-

of-freedom linear mechanical oscillator. This exten-

sion entails incorporating an auxiliary oscillator in a

manner that aligns (tunes) the frequencies of the main

structure, the external harmonic excitation, and the

auxiliary oscillator. Thus, the auxiliary oscillator

I. Kovacic (&)

Faculty of Technical Sciences, Centre of Excellence for

Vibro-Acoustic Systems and Signal Processing CEVAS,

University of Novi Sad, Novi Sad, Serbia

e-mail: ivanakov@uns.ac.rs

Z. Kanovic � V. Rajs � L. Teofanov
Faculty of Technical Sciences, University of Novi Sad,

Novi Sad, Serbia

R. Zhu

School of Aerospace Engineering, Beijing Institute of

Technology, Beijing 100081, China

123

Nonlinear Dyn (2024) 112:20661–20676

https://doi.org/10.1007/s11071-024-10058-3(0123456789().,-volV)( 0123456789().,-volV)

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-024-10058-3&amp;domain=pdf
https://doi.org/10.1007/s11071-024-10058-3


should be carefully designed from the viewpoint of its

natural frequency. This ensures that instead of res-

onating infinitely at this specific frequency, the

externally excited undamped main structure will

undergo antiresonance, resulting in a zero-displace-

ment amplitude [4–6]. The auxiliary oscillator works

as a vibration absorber, also known as a tuned-mass-

damper in the presence of damping [7, 8]. While

tuning auxiliary oscillators in diverse types of oscil-

lators to target their resonances has gained significant

interest in the vibration community [9–12], the same

level of attention has not been given to their particular

tuning in metastructures. There are several factors

contributing to this phenomenon. Firstly, there is a

wide range of mechanical models for metastructures

and a unified approach that encompasses all these

models has not yet been established. Secondly,

metastructures derived from metamaterials are often

represented as chains of numerous mass-in-mass units.

This complex configuration makes it challenging to

analytically solve the system of the corresponding

governing equations. As a result, researchers have

turned to numerical methods. Considering the focus of

the current study on longitudinal vibrations, a chrono-

logical overview of some of the numerical approaches

employed so far, and the corresponding outcomes are

provided solely for these vibrations. Thus, in [13], a

slender beam containing periodically attached oscil-

lators was examined. Through both theoretical anal-

yses using the transfer matrix method and

experimental observations, it was discovered that a

highly asymmetric attenuation occurred within a

subfrequency locally resonant bandgap. The key

parameters that affect the attenuation in the bandgap

were identified as the stiffness and mass ratios. Results

from another study [14] showed that discrete models

of a unit cell, developed using integration and finite

difference methods, were suitable only for elastic

waves with wavelengths significantly longer than the

unit cell’s length. Furthermore, finite-element simu-

lations demonstrated that a metamaterial-based absor-

ber shared similarities with traditional mechanical

vibration absorbers, as discussed earlier. The design of

a broadband absorber was expanded upon by imple-

menting this approach, and the effectiveness of the

design was confirmed through numerical illustrations.

The research discussed in [15] focused on uniform

rods containing a periodic arrangement of resonators.

The numerical findings indicated the presence of both

Bragg-type and resonance-type bandgaps within this

system, demonstrating the possibility of achieving

multiple desired resonance gaps. The impact of

resonator parameters on bandgap characteristics,

including location, width, and attenuation perfor-

mance, was analysed by generating plots of the

attenuation constant surfaces. The research presented

in [16] introduced analytical and finite element

modelling techniques for a 3D-printed metastructure

featuring 10 absorbers, which was subsequently

produced and examined experimentally. The experi-

mental results revealed that the frequency response of

the metastructure prototype matched the predicted

response, effectively eliminating vibration at the

specified design frequency and suppressing vibration

across a frequency range of up to 275 Hz. The

investigation conducted in [17] focused on metama-

terial rods with resonators attached periodically,

which were analysed using a numerical approach

combining Finite-Element Modelling (FEM) and

Floquet–Bloch’s theorem, as well as the commercial

finite element software ANSYS. An intriguing char-

acteristic observed in the rod under consideration is

that before the bandgap, the vibration response of the

system exhibits low damping, while after the bandgap,

it demonstrates a high damping vibration response.

The study outlined in [18] demonstrated the practi-

cality of utilizing distributed vibration absorbers in a

metastructure to mitigate its response without adding

any extra mass to the system. The simulations showed

that the distributed absorbers must satisfy particular

requirements, which encompass possessing natural

frequencies within a wide spectrum of frequencies, a

mass ratio of absorbers to host structure around 0.30,

with approximately 20 absorbers whose natural

frequencies vary linearly across the structure. In

[19], a comprehensive theory was presented for

estimating bandgaps in 1D or 2D vibrating structures

using a differential operator approach. By assuming an

infinite number of resonators of the structure, all tuned

to the same frequency, a straightforward expression

for the edge frequencies of the infinite-resonator

bandgap was established. This expression was found

to be dependent on the ratio of the additional mass and

the target frequency. The study demonstrated that

locally resonant bandgaps can be induced in nonuni-

form structures as long as the masses of the resonators

are distributed in proportion to the mass distribution of

the primary structure. Furthermore, it was determined
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that a minimum quantity of resonators is necessary for

the bandgap to manifest, and that there exists an

optimal number of resonators for achieving the widest

possible bandgap. Through numerical investigations,

it was concluded that the width of the bandgap

diminishes with variations in the resonant frequencies

of the resonators, although some degree of variation

can be accommodated depending on the number of

resonators and the modal vicinity of the bandgap.

Furthermore, the absence of a requirement for peri-

odicity in the placement of resonators was discovered,

as the creation of a bandgap is possible through the

utilization of nonuniform spatial distributions of

resonators. In [20], a discrete mechanism was intro-

duced to reduce longitudinal vibrations in a low

frequency range, showing the effectiveness of vibra-

tion mitigation using both computational and exper-

imental methods. The impact of unit cell parameters

on the upper limit frequency of the stopband was also

examined. This theoretical approach was further

expanded to encompass a continuous system, which

holds significant practical implications.

The utilization of data science and, machine

learning (ML) accordingly, has undeniably expanded

the possibilities in the numerical development and

adjustment of engineering structures. However, this

particular approach has not been extensively utilized

in the creation of metastructures that possess desirable

vibration control properties with specifically adjusted

or tuned auxiliary oscillators. In [21], an Archimedean

spiral metastructure was proposed for the purpose of

controlling low-frequency flexural waves. Its inverse

design, focusing on the desired bandgap width and

central frequency, was achieved through employment

of the ML method. The validity of this approach was

confirmed through both FEM and experimental test-

ing. The study presented in [22] employed numerical

simulations and ML techniques to conduct both

forward and inverse design strategies for a composite

metastructure, aiming to achieve subwavelength and

ultrawide bandgaps. The ML results were validated

through numerical analysis as well as experimental

testing on fabricated 3D-printed structures, with

separate excitations applied in the longitudinal and

transverse directions. To obtain an optimal model of a

metastructure that takes into account both structural

safety and quasi-zero stiffness characteristics, a com-

bination of deep reinforcement learning, and FEM has

recently been utilized within an optimization

framework [23]. The 3D printing is then employed,

and the experiments demonstrated that the fabricated

metastructures exhibit remarkable performance in

reducing vibrations, even in the low-frequency range.

The achievement of notable isolation characteristics

for low-frequency flexural vibrations was observed in

hull grillage metastructures [24] as well. The dataset

was created by employing the wave mechanics

theoretical model of hull grillage metastructures, and

subsequently, the forward prediction neural network

model was utilized to determine the vibration trans-

mission characteristics. In [25], a phononic crystal-

based metastructure was considered, and a novel deep

learn-based technique was introduced to enable its

optimization using qualitative and quantitative

descriptions, thus minimizing the risk of misjudge-

ments. Additionally, the optimization process

included metastructures with varying periodic con-

stants and filling fractions, providing valuable insights

into achieving a balance between space, material

utilization, and vibration isolation. The effectiveness

of the optimized designs in terms of vibration perfor-

mance was confirmed through the utilization of FEM.

A recent paper on the utilization of ML in the field of

nonlinear dynamics [26] pointed out that ‘A challenge

in these problems is the high dimensionality of the

design parameter spaces, but…, this can be addressed

through tools of machine learning, which can, not only

provide predictions of designs of high performance,

but also can inform studies of robustness of such

solutions’. The recent review paper on ML- assisted

intelligent design of metastructures [27] stated that

‘ML can theoretically provide excellent design results

for various acoustic or mechanical requirements of

targets, but most current research lacks manufacturing

and experimental verification after design’.

The main objective of the present study is to expand

the potential of the use of data science and ML in

particular, in the field of vibration control for metas-

tructures. The study also aims to validate the design

qualitatively through manufacturing and experimental

investigations, contributing to the shortcomings high-

lighted in the quotation above from the review article

[27]. There is an important specific objective as well,

and it regards the previous limitations of theoretical

investigations presented in [28]. Namely, these theo-

retical results led to the conclusions that the specif-

ically tuned absorbers could not be kept in the original

shape but needed to be changed so as to achieve
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vibration attenuation around the second resonance

because of the associated stiffness requirements.

However, for practical reasons, it can be desirable to

keep the shape of the absorbers as in the original form

but just change their dimensions, and the current study

employs a ML approach to accomplish this specific

objective and to optimize the design of internal

auxiliary oscillators in this manner.

The overview of this study is as follows. The

original structure and its variations are detailed in

Sect. 2. The ML procedure and the outcomes obtained

are explained in Sect. 3. In Sect. 4, the vibration

response of the newly designed metastructure, are

validated qualitatively via detailed numerical results

as well as experimentally. Section 5 provides an

analytical analysis of the shape and distribution of the

internal oscillators in the redesigned metastructure.

Finally, Sect. 6 summarizes the findings and presents

the corresponding conclusions.

2 Basic model and its variations

2.1 On the basic model

The primary metastructure being examined, which is

referred to as MS0, is comprised of external units and

internal oscillators. This metastructure is initially

defined in [16] and is represented in Fig. 1a. The

external unit possesses a hollow square cross-section,

with its fundamental characteristics denoted in Fig. 1a

as well. Specifically, the external width and length are

identified as a, the length of the walls is denoted as u,

and the height of the transversal elements (i.e., the

floor and the ceiling) is labelled as r.

The internal oscillator illustrated in Fig. 1a com-

prises a cantilever with dimensions denoted as length

L and height e, featuring a concentrated mass at its tip

forming a discrete block. The specific dimensions of

the internal oscillator, including length d, width a, and

height b, can be seen in Fig. 1a. Throughout subse-

quent discussions, this integrated system will be

referred to as the absorber type TA0. The internal

oscillator is symmetrically incorporated into the wall

of the external unit at a designated position determined

by parameter p relative to the ceiling and the floor. In

Fig. 1b, a unified 10-unit metastructure is shown,

which is obtained by multiplying the combined units,

excluding the floors. Each unit and absorber within the

metastructure are assigned a number from 1 to 10,

starting from the bottom. The detailed geometric

parameters are provided in Table 1. To mitigate

bending, pairs of internal oscillators are attached to

External unit

Internal oscillator

Combined system

Fig. 1 a Parameters of the external unit, the internal oscillator

and the combined system; b Basic metastructure MS0 with

external units and 10 internal oscillators, labelled 1–10

Table 1 Parameters of MS0

Part Parameter Value [mm]

External unit u 6.5

r 6.5

p 14

Internal oscillator L 6.5

e 4

d 17

b 20

External unit & internal oscillator a 40

123

20664 I. Kovacic et al.



the opposing internal walls of the external units, as

depicted in Fig. 1b. The odd-numbered oscillators are

fixed to one side of the wall of the external units, while

the even-numbered oscillators are attached to the

opposite side.

The idea to be used is that internal oscillators

perform transversal oscillations whose direction is

aligned with the direction of longitudinal oscillations

of each unit and the metastructure as a whole, as

indicated by the green solid line in Fig. 1a. This

metastructure has been shown to be appropriate for

manufacturing via 3D printing as it is homogenous and

uniform, and, thus, suitable to be extended to a

desirable number of units while achieving a good

vibration attenuation around the first resonance [28].

However, the design of absorbers is a topic that needs

further exploration, especially when it comes to

attaining the highest possible efficiency in vibration

attenuation around the second resonance region, as

well as around the first and second resonant frequen-

cies simultaneously but keeping them in the same

shape. So, the question is if all of them should be equal

mutually or if their dimensions and distribution should

vary along the metastructure. The following consid-

erations aim to answer this question.

2.2 On the variations

The redesign of the basic metastructure is done while

focusing on the internal oscillators, affecting the

lengths of the mass block and the cantilever, i.e.

parameters d and L. However, to keep the longitudinal

axis of the metastructure fixed and prevent bending

from happening, the sum of these lengths needs to

satisfy the following constraint L ? d/2 = const.,

which represents the first physics-based condition

taken into account so that the structure keeps the same

vertical symmetry axis. Further, the value of the

parameter d is taken in three versions: the one in MS0

is treated as the zero-variation, the next value of

d corresponds to the half of the original one, and the

third value of d is equal to zero, when there is no block

mass located at the end of the cantilever.

To avoid further bending, the second physics-based

criterion for redesign involves altering internal oscil-

lators 1–10 in pairs. The assumption is that each

consecutive pair must be geometrically equivalent:

1 = 2, 3 = 4, 5 = 6, 7 = 8, 9 = 10. Consequently,

there will be a total of five pairs of internal oscillators

requiring redesign. By considering three different

variations of parameter d across these five pairs, a total

of 35 = 243 distinct metastructures will be initially

considered, as explained in the following section in

detail.

3 Redesign via metastructure model-informed

machine learning approach

The workflow of the redesigning procedure is

described symbolically in Fig. 2. It consists of the

following three steps, which also define a general

procedure on how to construct the ML problem for the

vibration control of metastructures:

• Step 1: Utilize simulation software with coupled

modelling capabilities (geometrical and physical)

and results evaluation to perform an in-depth

numerical vibration analysis of all variations of the

metastructures. This utilization should generate a

dataset that captures the amplitude-frequency

response curves (AFRCs) of the point located at

the top of each metastructure;

• Step 2: By employing the discrete numerical

dataset from Step 1, undertake ML techniques to

obtain the continuous metastructure model as a

basis for absorber geometry optimization. Con-

sider more ML techniques and choose the one

providing the most accurate model;

• Step 3: Using the continuous ML model obtained

in Step 2, conduct the optimization process, with

the objective to establish the most suitable geom-

etry of the absorbers, focusing primarily on

maximizing the width of the desirable vibration

attenuation region(s).

The details of this procedure applied to the

metastructure under consideration are given below.

While performing Step 1, all 243 variations of the

metastructure defined in the last paragraph of

Sect. 2.2. are generated in Excel, maintaining a fixed

shape and geometry of the external units but allowing

for changeable geometry of the internal units. These

variations are presented in a colourful Excel table on

the left side of Fig. 2 in Step 1. The table used includes

all the variations along with their respective parameter

values. Subsequently, these variations are imported

into the software COMSOL Multiphysics, where the

corresponding metastructures are then visualized

123

Reaching a desirable metastructure for passive vibration attenuation by using a machine… 20665



based on the geometrical parameters imported. As an

example, two of these metastructures are displayed in

the lower left corner of Fig. 2. For the internal

oscillator, the numerical values for a cantilever of

lengths 6.5 cm, 10 cm, and 15 cm are considered (note

that this is related to the first physics-based criterion of

keeping the vertical axis fixed discussed earlier,

causing the change both in the parameters d and L).

Further, to closely match the subsequent numerical

results with the fabricated metastructures, the material

properties are set as follows: a Young’s modulus of

elasticity E = 1900 MN/m2 and a density q = 1.015

g/cm3 (these values are obtained from the manufac-

turer for the metastructures produced and experimen-

tally examined, see Sect. 4). Subsequently, the AFRCs

of the point situated atop the metastructure are

acquired for each variation. An illustration of one

such frequency–response diagram can be seen in the

lower left section of Fig. 2.

In Step 2, the obtained data and diagrams are used

to calculate the width of the vibration attenuation

regions around the second modal frequency. The

attenuation region is defined as the frequency region in

which the displacement amplitude of the new metas-

tructure is lower than the displacement amplitude of

MS0, as also defined in [28]. The acquired geometric

information and the calculated width of the attenuation

regions are then utilized to construct a mathematical

model of the metastructure using ML techniques. Two

specific ML techniques, namely and Support Vector

Regression (SVR) [29] and Artificial Neural Networks

(ANN) [30] are taken into consideration. In both

approaches, the obtained numerical dataset is

employed to train the metastructure model. This

involves utilizing various combinations of continuous

geometric parameters for different metastructure

variations as input data, while the corresponding

attenuation region width is used as the output data. The

total number of inputs is 10, corresponding to the

values of L and d for each pair of internal oscillators in

the metastructure, while the number of outputs is two,

associated with two attenuation regions—around the

first and second modal frequency. Although this

interpretation of the model contains redundant inputs

/features, since the constraint L ? d/2 = const. must

be satisfied, this form is adopted for more clear

understanding of the input features. In general, the

model with redundant features is not less accurate, it is

just not optimal regarding the size and efficiency, so

the suggested model architecture does not affect the

quality of the results. The performance and accuracy

of both ML models derived in this manner were

assessed using Root Mean Square Error (RMSE) and

Mean Absolute Error (MAE) values. Both these

criteria are often used to describe the accuracy of the

MLmodel with respect to known target data. RMSE is

Fig. 2 Workflow of the redesign procedure with an overview of the methodologies used
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defined as
PN

i¼1 f i � tið Þ2=N
h i1=2

, where f i and ti stand

for forecasted and target values respectively, and N is

the number of samples. On the other hand, MAE is

defined as
PN

i¼1 f i � tij j
� �

=N. For the ANN model, the

RMSE value was 13.598 and the MAE was 6.421. The

architecture of this model was determined through a

trial-and-error process, with the network comprising

one hidden layer with 13 neurons. In the case of the

SVR model, the RMSE value was 9.547 and the MAE

was 4.236. The model with a cubic kernel was

selected, surpassing other kernel variants examined

(linear, quadratic, fine, medium- and coarse-Gaus-

sian). Based on these findings, one can conclude that

the SVR model with the cubic kernel outperforms the

ANN model regarding regression accuracy, so SVR

model was chosen as the reference model for further

investigation. The central part of Fig. 2, describing the

Step 2 of the redesign procedure, depicts SVR model

schematically, with its characteristic elements (sup-

port vectors holding the margin and the region of

accurate regression, presented in 2D feature space).

All the afore-mentioned models were developed,

trained, evaluated, and implemented in MATLAB,

version R2020b.In Step 3, based on the SVR model of

the metastructure, the optimization of the geometrical

parameters is conducted. A genetic algorithm is

chosen as the optimizer, due to its robustness and

ability to find a global optimal solution in the most

complicated engineering problems [31]. Two versions

of the optimality criterion are proposed:

(i) The width of the frequency region where

vibration is reduced around the second reso-

nant frequency and

(ii) the total width of the frequency regions where

vibration is reduced around both the first and

subsequent (second) resonant frequencies.

It is interesting to note that for both of them, one

winning redesigned metastructure is obtained, which

is labelled as MS1 hereafter. This metastructure MS1

is shown on the right-hand side of Fig. 3. It is seen that

it contains an original design of absorbers, but their

distributions are neither intuitive nor expected. Actu-

ally, there are three types of absorbers (TA1):

• TA1.1: A cantilever-like absorber with the longest

length (absorbers 3, 4, 9, and 10)

• TA1.2: An absorber consisting of a longer can-

tilever and a shorter tip mass than in TA0

(absorbers 1, 2, 5, and 6)

• TA1.3: An absorber composed of an slightly longer

cantilever and a slightly shorter tip mass than in

TA0 (absorbers 7 and 8).

The dimensions of these absorbers are given in

Table 2.

In what follows, the efficiency of the proposed

redesign procedure, regarding time and computational

effort, is discussed. Instead of the proposed procedure

described above, involving the ML model for the

optimization criterion evaluation in a genetic algo-

rithm, the other possible variant of the redesign was to

use COMSOL Multiphysics instead of the ML model

and combine it with a genetic algorithm, However,

each evaluation of a metastructure analysis in

COMSOL Multiphysics took averagely 12 min and 2

s, with computation made on Intel Core i7 CPUwith 3,

4 GHz speed and 16 GB of RAM. Having in mind that

the genetic algorithm needs many model evaluations

in each generation, the combination of COMSOL

Multiphysics and the genetic algorithm would be

highly time-consuming. On the other hand, ML model

training and testing in Matlab is time efficient and the

calculation time is measured in seconds (averagely 23

s for training and testing). Once themodel was created,

each evaluation in genetic algorithm took less than a

second. These numbers express the true advantage and

superiority of the ML model, in the sense of time

efficiency and computational efforts needed for the

metastructure redesign procedure. Apart from that,

COMSOL Multiphysics is not the open-source soft-

ware and connecting Matlab (for genetic algorithm

application) with COMSOL Multiphysics would be a

very demanding task, requesting high skills for

practical computing implementation.

Figure 3 shows the AFRCs obtained in COMSOL

Multiphysics for the top point of the basic metastruc-

ture MS0 and the redesigned metastructure MS1,

which has been optimized according to criterion

(i) and (ii) in the frequency region between 400 and

1100 Hz, which is considered here as a desired

frequency band covering two resonances of MS0 of

interest in this study. Note that in the subsequent

diagrams, the non-dimensional frequency and non-

dimensional displacement amplitudes are shown,

where the former is calculated as the ratio of the
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excitation frequency and the frequency of the MS with

blocked absorbers, being 588 Hz [28], while the latter

is calculated as the ratio of the displacement amplitude

of the top point and the overall height of the MS, being

358 mm. The attenuation region achieved by the MS1

having a small amplitude response then MS0 is shaded

in grey seen in this figure (this holds for other

subsequent figures, as well). The sketches of both the

original metastructure MS0 and the newly redesigned

one MS1 are presented on the left and right sides of

this figure for the sake of comparison and the

definition of legend for the AFRCs shown.

4 Validations

4.1 Numerical validations

To provide more detailed evidence about the reliabil-

ity of the design ofMS1, Table 3 is created, containing

30 configurations out of 243 forms created in

COMSOL Multiphysics. All these 30 configurations,

labelled herein as MS1.1.-MS1.30, have the same type

absorbers T1.1, T1.2 and T1.3 as MS), but they are

arranged differently along the MS. So, there are two

TA1.1, two TA1.2 and one TA1.3, and they are

relocated along the metastructure. For each of them,

the quantitative values for the width of the attenuation

bands around the first resonance (AB1), the second

one (AB2) and their sum (total attenuation band TAB)

are also given. It is clearly seen that the winning

MS1.15 = MS1 has the widest TAB as well as that just

slightly different relocation of the absorber can

significantly decrease TAB. It can be seen that

MS1.18, for example, has the TAB that is only 62%

of the wining one in MS1.15.

4.2 Experimental validation

The original metastructure MS0 as well as the

redesigned metastructure MS1 were manufactured

using Fused Filament Fabrication technology, which

0.8 1 1.2 1.4 1.6 1.8
Non-dimensional frequency

10 -8

10 -6

10 -4
No

n-
di

m
en

sio
na

l a
m

pl
itu

de

0.96 1.42

MS0 MS1

Fig. 3 Numerically predicted AFRCs of the point on the top of MS1 compared to the original one MS0 with the attenuation region

shaded in grey

Table 2 Parameters of the

metastructure MS1
Parameter of MS1 Internal oscillator number

1, 2 3, 4 5, 6 7, 8 9, 10

Types of absorbers (TA1) TA1.2 TA1.1 TA1.2 TA1.3 TA1.1

L [mm] 9.895 15 9.895 6.6 15

d [mm] 10.21 0 10.21 16.8 0
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Table 3 Variations the metastructure MS1 with three types of absorbers distributed differently and the corresponding attenuation

bands AB1, AB2 and TAB

Variation MS1.1 MS1.2 MS1.3 MS1.4 MS1.5 MS1.6
Design

AB1 180.2 178.1 176.3 175.7 174.0 171.6

AB2 154.7 113.4 158.2 169.2 131.7 197.3

TAB 334.9 291.5 334.5 344.9 305.7 368.9

Variation MS1.7 MS1.8 MS1.9 MS1.10 MS1.11 MS1.12
Design

AB1 [Hz] 176.3 174.3 172.7 171.7 165.6 161

AB2 [Hz] 160.0 97.6 110.3 175.8 168.4 164

TAB [Hz] 336.3 271.9 283.0 347.5 334.0 325

Variation MS1.13 MS1.14 MS1.15 MS1.16 MS1.17 MS1.18
Design

AB1 [Hz] 167.6 166.1 163.5 159.1 159.8 156.8

AB2 [Hz] 101.7 154.0 265.6 121.6 154.2 109.3

TAB [Hz] 269.3 320.1 429.1 280.7 314.0 266.1
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is a 3D printing process, whose resolution was falling

within the range of 0.1 to 0.3 mm. The material used

was from Acrylonitrile butadiene styrene and its

characteristics are given in the previous section. Fig-

ure 4a displays photographs of both metastructures.

These metastructures were subjected to base excita-

tion in an experimental setup depicted in Fig. 4b. The

drive signal is created utilizing a computer with the

SCO-107 software package for sine sweep, with the

acceleration amplitude of the base set to be 1g, where

g is the gravitational acceleration. This signal is first

directed to a LAS200 controller, afterwards transmit-

ted to a LPA100 amplifier, and subsequently

forwarded to an LDS V408 vibration shaker. The

drive signal’s frequency and amplitude are controlled

by a lower accelerometer 4534-B with a sensitivity of

10 mV/g. The signal from this accelerometer is also

forwarded to the controller for feedback purposes.

Another accelerometer of identical type is attached to

the centre of uppermost horizontal plane of the

metastructure to capture the response in the vertical

direction. This signal is linked to both the controller

and the computer for further processing and analysis.

The measured AFRCs for the top point of the

original metastructure MS0 and the redesigned metas-

tructure MS1 are given in Fig. 5. Notably, these

Table 3 continued

Variation MS1.19 MS1.20 MS1.21 MS1.22 MS1.23 MS1.24
Design

AB1 [Hz] 170.3 168.8 166.7 158.4 164.6 162.0

AB2 [Hz] 170.7 133.3 200.3 166.9 162.9 131.4

TAB [Hz] 341.0 302.1 367.0 325.3 327.5 293.4

Variation MS1.25 MS1.26 MS1.27 MS1.28 MS1.29 MS1.30

AB1 [Hz] 157.7 158.5 162.0 160.3 156.3 153.6

AB2 [Hz] 137.1 163.4 131.4 201.1 141.9 177.1

TAB [Hz] 294.8 321.9 293.4 361.4 298.2 330.7
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responses can be qualitatively linked to the numeri-

cally obtained curves in Fig. 3, albeit with varying

peak frequency and amplitude values due to the

distinct visco-elastic physical properties of the actual

metastructure with respect to that considered in

COMSOL Multiphysics. It should be pointed out that

despite the fact that a refined FEM model was utilized

for the theoretical numerical predictions and a modern

rig with reliable subsequent signal processing proce-

dures were used for getting the experimental results,

the authors did not go for a complete quantitative

validation, but for the qualitative one only, not aiming

to prove the optimality of MS1, but to show that it is

better than MS0. The main reason for this choice is

that the criteria used for the data-driven approach were

related to the frequency range with the geometric

parameters of the metastructure as the varying ones.

The rest of the system’s parameters, such as damping,

were not considered. This certainly affects the

response quantitatively, but this was not the focus

herein. The amplitude reduction in a certain frequency

range (so, quantitative aspects of the response), would

b)

LAS200 Controller

LPA100 Amplifier

a)
MS0 MS1

M
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Fig. 4 a Fabricated metastructures: MS0 and MS1; b Experimental setup
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Fig. 5 Measured AFRCs of the point on the top of the redesigned metastructure MS1 compared to the original one MS0 with the

attenuation region shaded in grey
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require a completely different criterion than in the

current study, which will be addressed in future

studies.

5 Analyses of the redesigned absorbers: shapes

and distributions

As discussed in the Introduction, the way how the

natural frequency(ies) of absorbers should be designed

and distributed along metastructures has attracted the

interest of researchers. In the majority of studies

conducted so far, they were designed to be all equal

and tuned to the frequency of the external oscillator

[1–4] or to the metastructure as a whole [16, 28, 32].

However, there have been studies that provided the

evidence of the benefits of using absorbers whose

natural frequency changes along a span of frequencies

[18, 19, 28], linearly [32, 33] or nonlinearly [32]. It is

obvious that different shapes and geometry of the

absorbers in the newly designed metastructures MS1

of this study vary along the metastructure, so more

detailed discussion of these variations is provided

subsequently.

The absorbers from MS0 (TA0) and MS1 (TA1.1,

TA1.2, TA1.3) are illustrated in Fig. 6a based on their

geometrical characteristics outlined in Tables 1 and 2.

Following this, their modal frequencies are examined.

All absorbers possess the characteristic of having a

length of the corresponding cantilever that is smaller

than its width (L\ a). In the realm of the bending

vibration theory [34], this particular characteristic

necessitates the avoidance of the classical Euler–

Bernoulli beam theory and instead calls for the

utilization of more advanced vibration theories.

Among these theories, the most suitable one is the

Timoshenko beam theory [34], which incorporates

two deformation mechanisms: shear deformation and

rotational bending effects. These additional mecha-

nisms of deformation are introduced through the shear

modulus G of the cantilever material and the radius of

gyration rg of the tip mass. In this study, this beam

theory is employed to compute the first and second

modal frequencies of the absorbers. For a cantilever

with a tip mass, the important parameter is the ratio l
of its tip mass M and the mass of the cantilever beam

mb:

l ¼ M

mb
¼ qdba

qLea
; ð1Þ

where q is the mass density, the parameter d is taken as

in the ML approach: d ¼ 2 15� Lð Þ, while the rest of
the parameters are defined in Fig. 1b. For the param-

eter values of TA0, TA1.2 and TA1.3, the value of the

ratio defined by Eq. (1) changes considerably. The

first and the second modal frequency x can be

calculated from the expression [35, 36]:

TA0

TA1.1

TA1.2

TA1.3

a) b)
r

L [mm]
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T
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Fig. 6 a Sketch of the absorbers; b Change of the nondimensional frequency ratio rx for the first and second frequency, Eq. (3) with

the length L

123

20672 I. Kovacic et al.



x Lð Þ ¼ m

L2

ffiffiffiffiffiffiffi
EIg

Aq

s

¼ m

L2

ffiffiffiffiffiffiffiffiffiffi
Ege2

12q

s

; ð2Þ

where E is Young’s modulus of elasticity, I is the

moment of inertia I ¼ ae3

12
, g is the gravitational

acceleration, A is the cross-sectional area of the beam,

while m is the solution of the characteristic Eq. (4)

given in Appendix [35, 36], where the existence of the

aforementioned shear modulus G in the parameter s is

noticeable (see Eq. (5)), alongside the Young’s

modulus of elasticity E. Of interest herein are the

two lowest solutions of Eq. (2), i.e. Eq. (5). One can

now define the nondimensional frequency ratio rx as

the ratio of the natural frequency x Lð Þ given by

Eq. (2) with respect to the natural frequency x L0ð Þ of
the absorber in MS0:

rx ¼ x Lð Þ
x L0ð Þ ; ð3Þ

where L0 corresponds to the length L of MS0 defined

in Table 1. This expression is plotted in Fig. 6b for the

first and second modal frequency. Note that the

following numerical values are used: E ¼

2 � 109 N
m2 ;G ¼ 1 � 109 N

m2 ; q ¼ 1050
kg
m3 ; g ¼ 9:81ms2

to match the one in the previous numerical and

experimental considerations.

It is seen that the nondimensional ratio rx changes

neither monotonically not linearly with the length L.

Apparently, this change is both non-monotonous and

nonlinear. The values of rx that correspond to all TAs

are depicted by red circles, while the one correspond-

ing to TA0 is depicted by the blue asterix. Note that

given Eq. (3), the values of rx for TA0 are equal to

unity. This enables one to compare the modal

frequencies of other TAs with respect to the original

one TA0. What is seen is that in MS1, the ML yielded

the design with the absorbers TA1.1 with both the first

and second modal frequency being considerably

higher than the original one, while TA1.2 and TA1.3

have the first modal frequency lower than TA0. When

it comes to the second modal frequencies, TA1.2 has it

higher than TA0. Their distribution in MS1 is

nonuniform: the absorbers 1 and 2 are TA1.2 and

have the lowest first modal frequency; the absorbers 3

and 4 are TA1.1 and have the highest first and second

modal frequency; the absorbers 5 and 6 are TA1.2 and

have the lowest first modal frequency; the absorbers 7

and 8 are TA1.3 and have the middle-valued first

modal frequency and the lowest second one; the

absorbers 9 and 10 are TA1.1 and have the highest

modal frequencies considered. So, the distribution of

the absorbers in pairs is original and for the first modal

frequency follows the trend ‘the lowest–the highest–

the lowest–the middle-valued–the highest’ first modal

frequency, which is neither expected nor pre-

dictable based on the previous results

[16, 18, 28, 32, 33]. This redesign and analysis answer

the recommendation and guidelines given in [18]: ‘A

more sophisticated distributed mass model should be

used to create a finalized design of the metastructure’.

The evidence presented unequivocally shows that such

sophisticated and original model has been achieved in

this study by using the ML approach with nonlinear

distribution of absorbers’ modal frequencies, while

previous analytical and numerical attempts

[16, 18, 28, 32, 33] have not reached it with the same

outcome. These facts support the utilization of a data-

science methodology done herein.

6 Conclusions

The focus of this research has been on the redesign of

integrated internal oscillators within a 10-unit-metas-

tructure that exhibits longitudinal vibrations, in order

to achieve effective vibration reduction around specific

resonance frequencies—either the second one, or both

the first and second one simultaneously. The original

metastructure is uniform, with identical absorbers

throughout. These absorbers consist of cantilevers

integrated into the external units of the metastructure,

each featuring a block mass at the end of a cantilever.

As the previous theoretical investigations failed to

redesign this structure to achieve beneficial vibration

attenuation around the second resonance, a data

science approach—a machine learning technique,

has been employed to redesign it so that it contains

the same shape of the absorbers as the original

metastructure. To assure a relatively simple manufac-

turing process, adjustments have been made to the

length of the cantilever and the concentrated block at

the tip. However, to keep the axis of the metastructure

fixed and prevent bending, the total length of the

cantilever and half the length of the tip mass must

remain constant. This physics-based condition has

been a key consideration during the redesign phase. To
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further prevent bending, the second physics-based

condition for variations involves redesigning internal

oscillators in five pairs to achieve balanced momenta

caused by their weight with respect to the point where

they are attached to the external units. By addressing

three variations of absorbers on these five pairs, a total

of 243 different metastructures have been analysed

using COMSOL Multiphysics software to generate

AFRCs for each point on the top of the structures.

Subsequently, a support vector regression model has

been utilized to analyse the dataset and produce

AFRCs for various geometrical parameters of the

internal oscillators compared to those obtained in

COMSOL Multiphysics. Finally, an optimization

process has been conducted to determine the optimal

geometry of the internal oscillators in the metastruc-

ture to achieve the widest possible attenuation region.

The achievement of the vibration mitigation around

the second resonance, along with the simultaneous

consideration of both the first and second resonances,

has been attained using ametastructure that incorporates

three distinct types of absorbers, which possess dimen-

sions and distributions that were neither initially

intuitive nor expected. The three types of absorbers in

this metastructure are as follows: absorbers 3, 4, 9, and

10 resemble a cantilever-like structure with the longest

length; absorbers 1, 2, 5, and 6 feature a longer

cantilever and a shorter tip mass than the original

absorbers; and absorbers 7 and 8 consist of a slightly

longer cantilever and a slightly short tip block than the

original absorbers. The redesigned metastructure has

been manufactured using 3D printing technology and

subsequently subjected to experimental investigation.

The experiments have qualitatively validated that the

newly designed metastructure exhibits better vibration

attenuation capabilities compared to the original struc-

ture based on the established criteria and in the

frequency region considered. Furthermore, an advanced

theory onbending vibrations has been applied to analyse

the modal frequencies of the vibration absorbers and

their distribution across the metastructures. The nonlin-

ear variations in these frequencies with the length of the

absorbers’ cantilever have been illustrated, showcasing

the complexity that would have been challenging to

predict analytically. This complexity underscores the

importance of utilizing machine learning techniques

undertaken in this work.

The strategy and workflow outlined in this

research—the creation of the initial database in

modelling-enabled software, and further application

of ML techniques to train the metastructure model,

extending the original discrete database to a contin-

uous one, can be applied to identify the optimal design

of metastructures composed of different materials and

featuring various shapes and geometries for their

vibration dampers, which highlights its generality and

applicability.

Regarding the future work, as noted in Sect. 4.2,

different optimality criteria for the redesign can be

considered from the viewpoint of the vibration control

purposes. Instead of observing only the width of the

frequency region where the displacement amplitude is

reduced, one can also take into account the total

amount of the displacement amplitude reduction (so,

calculate the integral and its change over a certain

frequency range), and this is currently in the process of

reporting by the authors. In this way, the quantitative

aspect will be tackled, and not only the qualitative as it

has been the case in this study. In addition, by using

appropriate weighting factors in an optimality crite-

rion, the main frequency region(s) of interest for the

displacement amplitude reduction can be specified.
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Appendix

For a mass-loaded clamped-free Timoshenko beam,

the characteristic equation with respect to the param-

eter m appearing in Eq. (2) can be written down as

[35, 36]:

a2 þ s2

a
R3R8 � R7R4 þ R4R5 � R1R8ð Þ

þ b2 � s2

b
R2R7 � R6R3 þ R1R6 � R2R5ð Þ

¼ 0; ð4Þ

where

a ¼ 1
ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� r2 þ s2ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 � s2ð Þ þ 4

m2

rs

;

b ¼ 1
ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ s2ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 � s2ð Þ þ 4

m2

rs

; ð5Þ

s ¼ 1

L

ffiffiffiffiffiffiffiffi
Ee2

8G

r

;

r ¼ e
ffiffiffiffiffi
12

p ;

R1 ¼ lm2cosh mað Þ þ m
a
sinh mað Þ;

R2 ¼ lm2sinh mað Þ þ m
a
cosh mað Þ;

R3 ¼ lm2cos mbð Þ þ m
b
sin mbð Þ;

R4 ¼ lm2sin mbð Þ � m
b
cos mbð Þ;

R5 ¼
a2 þ s2

a
macosh mað Þ � 1

2
l
r2g
L2

m2sinh mað Þ
 !

;

R6 ¼
a2 þ s2

a
masinh mað Þ � 1

2
l
r2g
L2

m2cosh mað Þ
 !

;

R7 ¼ � b2 � s2

b
mbcos mbð Þ � 1

2
l
r2g
L2

m2sin mbð Þ
 !

;

R8 ¼
b2 � s2

b
�mb sin mbð Þ � 1

2
l
r2g
L2

m2 cos mbð Þ
 #

;

rg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ b2

12

r

:
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