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 A B S T R A C T

Non-Hermitian behaviors for elastic waves, including the parity-time (PT) symmetric and anti-
PT symmetric exceptional points (EPs) as well as chiral mode conversion via the dynamic 
encircling of them, are realized in a unified model based on anisotropic elastic media with 
complex modulus. Based on the tight-binding approximation of elastodynamic equations, the 
coupling interaction between elastic wave modes is described by the non-Hermitian Hamilto-
nian, which is used to derive the existence condition of PT-symmetric and anti-PT-symmetric EPs 
in different parameter systems. Eigenmode evolution of elastic waves in the process of dynamic 
encircling of EPs is studied in the spatially modulated model consisting of the multilayered 
anisotropic media. Chiral mode conversion for elastic waves as dominated by the encircling 
direction is disclosed by the developed model. The dynamical encircling of a PT-symmetric 
EP can lead to chiral mode conversion for the symmetric phase, while encircling an anti-PT-
symmetric EP results in chiral mode switching for the broken phase. Dynamic evolution along 
regular and irregular paths are analyzed to demonstrate the topological robustness of chiral 
mode conversion.

. Introduction

Nonconservative systems are open systems that could interact with the external environment. They generally possess complex-
alued eigenvalues and non-orthogonal eigenvectors, which dramatically distinguish themselves from conservative systems. Non-
onservative systems can be characterized by non-Hermitian Hamiltonians when formulated in the Schrödinger-like equation 
ramework. The classical-quantum analogy can thus be established, providing an innovative perspective for exploiting anomalous 
ave control (Christensen et al., 2024). Exceptional point (EP), at which eigenvalues and eigenvectors coalesce simultaneously, 
s the landmark signature of non-Hermitian systems, and has been observed in various physical platforms ranging from quantum-
echanical (Naghiloo et al., 2019), photonic (Li et al., 2023), electromagnetic (Koutserimpas and Fleury, 2020), to acoustic/elastic 
ave systems (Gu et al., 2021). Through the careful balancing of the energy gain and loss, these systems can exhibit the parity-time 
PT) symmetry and spontaneous symmetry-broken phase transition. Novel wave phenomena associated to EPs have been found, 
ncluding unidirectional reflectionless propagation (Fleury et al., 2015; Wu et al., 2019), super-sensitivity (Xing et al., 2020), 
oherent perfect absorption and lasing (Cai et al., 2023), etc. The Riemann topology structure near EPs in a parameter space is 
nother peculiar behavior of non-Hermitian systems (Ding et al., 2022; Yang et al., 2017). The eigenmode, when adiabatically 
ncircling an EP in one complete cycle, will be flipped instead of recovering to itself (Dembowski et al., 2001, 2004; Gao et al., 
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2015). When dynamically (non-adiabatically) encircling an EP, the eigenmode would undergo the chiral switching with the ending 
state that is up to the encircling direction, while irrelevant to the beginning state, as demonstrated in quantum-mechanical (Liu 
et al., 2021b), optical (Zhang et al., 2018, 2019; Liu et al., 2021a; Feng and Sun, 2022; Liu et al., 2022; Wei et al., 2022; Li et al., 
2020), and mechanical systems (Geng et al., 2021a,b).

Acoustic waves support only the non-shear dilatational mode, and a pure acoustic mode can be captured by an enclosed cavity 
with rigid boundaries. Thanks to the design flexibility for the cavity coupling and acoustic gain/loss modulation, more complex EP 
phenomena have been discovered, including anisotropic EP (Ding et al., 2018), higher-order EP (Ding et al., 2016), and exceptional 
nexus (Tang et al., 2020), accompanied by richer eigenvalue topological patterns. The evolution dynamics of eigenmodes enclosing 
the EP have also been deeply explored in acoustic platforms. The adiabatic evolution can be implemented in isolated element 
structures which is designed according to parametric points distributed in the loop around the EP (Ding et al., 2016). To realize 
the dynamic evolution, different acoustic elements are coupled together to ensure the appearance of non-adiabatic transition in the 
space-driven dynamic encircling of EPs (Duan et al., 2023). The dynamic encircling of an anti-PT-symmetric EP is also attainable, 
but engineered in a more complicated system. A three-state system hosted by three coupled waveguides is firstly constructed, and 
then the intermediate state with high loss is adiabatically eliminated such that the anti-PT-symmetric EP can be formed in an 
effective two-state system (Duan et al., 2024). The dynamic encircling of the PT-symmetric EP can lead to acoustic chiral transfer 
of symmetry-phase modes. By contrast, the dynamic encircling of the anti-PT-symmetric EP would result in the chiral switching 
of symmetry-broken states, which may receive more interests because the energy of symmetry-broken eigenmodes is localized in 
individual waveguides, which can be used directly as input and output channels.

Waves in elastic media possess rich polarization modes and complicated mode couplings compared with acoustic waves. The 
complexity of elastic systems provides a large degree for manipulating the non-Hermitian elastodynamic behavior as explored in 
time-varying elastic media (Torrent et al., 2018; Nassar et al., 2017, 2020), odd elasticity/density media (Chen et al., 2021; Gao 
et al., 2022; Wu et al., 2023), and complex modulus media (Li and Wang, 2023). The energy gain/loss modulation in an elastic 
continuum can be implemented by coupling the medium system with external physical fields to produce non-conservative energy 
transfer. For example, the energy loss modulation in elastic medium can be achieved by integrating the ferromagnetic/ferroelectric 
particles into an elastomer, which are driven by external magnetic or electric fields (Borin and Stepanov, 2015). The other approach, 
particularly effective for the gain design, can be inspired from the implementation of lattice metamaterials composed of composite 
piezoelectric structures (Singh et al., 2021, 2022). Their constitutive elements typically incorporate hybrid elastic and piezoelectric 
materials connected with shunting circuits, which are arranged in a certain lattice periodicity. In the long-wavelength regime, these 
lattice metamaterials can be homogenized into nonconservative elastic continua, and the non-Hermitian gain effect can be acquired 
by the active circuit design. Potential applications of non-Hermitian elastic waves consist of non-reciprocal energy transport (Elbaz 
et al., 2022), non-Hermitian skin effect (Wu et al., 2024) and ultra-sensitivity sensing (Xing et al., 2020; Yuan et al., 2022). In elastic 
wave systems, the PT-symmetric EP has been widely explored, and can be categorized into the resonance EP (Cai et al., 2022; Jin 
et al., 2024; Thomes et al., 2024) and non-resonance EP (Li and Wang, 2023; Fishman et al., 2024), which are associated with the 
eigenvalue problem in the frequency and wavenumber domain, respectively. The resonance EP can be constructed in the gain–loss 
balanced piezoelectric beam with shunt circuit, and used for the unidirectional cloaking and highly sensitive sensing (Cai et al., 
2023). The non-resonance EP can be created in bi-layer elastic media, and exhibits the frozen mode with anomalous scattering of 
unitary transmission (Fishman et al., 2024). The evolution dynamics of elastic waves enclosing the EP were rarely explored. Elastic 
laminate structure can act as an energy source or sink by encircling the non-resonance EP (Elbaz et al., 2022). However, the dynamic 
encircling of the EP is only available in selective cases for forward and backward Bloch waves, where the chiral dynamics cannot 
be fully identified.

The anisotropic-elasticity media include various types of polarization modes, and support the strong mode coupling in the 
presence of complex-valued elastic constants. This makes anisotropic elastic media a significant platform to explore the non-
Hermitian behavior for elastic waves. In this work, we report the observation of PT-symmetric and anti-PT-symmetric EPs for elastic 
waves in a unified model based on anisotropic elastic media with complex modulus. Furthermore, the chiral mode conversion of 
elastic waves is demonstrated through the dynamic encircling of EPs. In Section 2, the wave equation and coupled-mode model are 
established to characterize elastic wave propagation in two-dimensional anisotropic media. The existence conditions of PT-symmetric 
and anti-PT-symmetric EPs of elastic waves are derived from the eigenvalue analysis in the wavenumber domain. In Section 3, the 
spatially modulated model consisting of the multilayered structure is developed to implement the dynamic encircling of EPs, and 
demonstrate the chiral transfer for symmetric-phase and symmetry-broken modes of elastic waves. The conclusions are outlined in 
Section 4.

2. EP behavior in anisotropic elastic media

2.1. Wave equation and eigenvalue problem

Consider a two-dimensional (2D) elastic medium with the general anisotropic elasticity in the plane-strain state. In Cartesian 
coordinates (𝑥, 𝑦), the constitutive equation is written in Voigt notation as 

𝝈̂ = 𝐂̂𝜺̂, 𝐂̂ =
⎡

⎢

⎢

𝐶11 𝐶12 𝐶16
𝐶12 𝐶22 𝐶26

⎤

⎥

⎥

(1)

⎣ 𝐶16 𝐶26 𝐶66 ⎦
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where the vectors of stress and strain are 𝝈̂ =
[

𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦
]T and 𝜺̂ =

[

𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦
]T. The mass density and displacement vector are 

denoted by 𝜌 and 𝐮 =
[

𝑢𝑥, 𝑢𝑦
]T, respectively. In the time-harmonic case of angular frequency 𝜔, the displacement field follows 

𝐮 = 𝐔𝑒𝑖𝜔𝑡 where 𝐔 =
[

𝑈𝑥, 𝑈𝑦
]T. Consider a plane elastic wave traveling in the positive 𝑥 direction with the wave vector 𝐤 = 𝑘𝐞𝑥. 

Then we have 𝐔 = Ψ𝑒−𝑖𝑘𝑥 with Ψ =
[

Ψ𝑥,Ψ𝑦
]T. The elastodynamic equation of this 2D anisotropic medium is expressed as 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐶11
𝜕2𝑢𝑥
𝜕𝑥2

+ 𝐶16
𝜕2𝑢𝑦
𝜕𝑥2

= 𝜌
𝜕2𝑢𝑥
𝜕𝑡2

𝐶16
𝜕2𝑢𝑥
𝜕𝑥2

+ 𝐶66
𝜕2𝑢𝑦
𝜕𝑥2

= 𝜌
𝜕2𝑢𝑦
𝜕𝑡2

(2)

or alternatively 
(

𝚪 −
𝜌𝜔2

𝑘2
𝐈
)[

Ψ𝑥
Ψ𝑦

]

= 𝟎, 𝚪 =

[

𝐶11 𝐶16

𝐶16 𝐶66

]

(3)

where 𝚪 is known as the Christoffel matrix, and 𝐈 is the identity matrix of rank two. The eigenvalue (wave velocity) and eigenvector 
(polarization mode) can be obtained by solving the eigenvalue problem of Eq. (3). In the isotropic case (𝐶16 = 0), eigenvalue 
solutions are given by 

⎧

⎪

⎨

⎪

⎩

(𝜔∕𝑘)L =
√

𝐶11∕𝜌, ΨL = [1, 0]T

(𝜔∕𝑘)T =
√

𝐶66∕𝜌, ΨT = [0, 1]T
(4)

Eq.  (4) characterizes the velocity and polarization properties of longitudinal and transverse waves. Two velocity eigenvalues can be 
degenerate if 𝐶11 = 𝐶66, but their wave modes are always orthogonal, signifying the Hermitian nature.

In the anisotropic case with 𝐶16 ≠ 0, eigenvalue solutions are given by 

(𝜔∕𝑘)2± =
𝐶11 + 𝐶66 ±

√

(

𝐶11 − 𝐶66
)2 + 4𝐶2

16

2𝜌
, Ψ± =

⎡

⎢

⎢

⎢

⎣

𝐶11 − 𝐶66 ±
√

(

𝐶11 − 𝐶66
)2 + 4𝐶2

16

2𝐶16
, 1

⎤

⎥

⎥

⎥

⎦

T

(5)

According to Eq. (5), the EP at which eigenvalues and eigenvectors coalesce simultaneously appears on the condition of 
(

𝐶11 − 𝐶66
)2 + 4𝐶2

16 = 0 (6)

The EP condition indicated by Eq. (6) requires elastic constants to be complex values, dictating that the EP-supported media are 
nonconservative systems associated with the energy gain and loss.

2.2. Coupled-mode model

Introduce the dimensionless coordinate 𝜁 = 𝑘s𝑥 with 𝑘s = 𝜔
√

𝜌∕𝐶66. The displacement field can be rewritten as 𝐔 = Ψ𝑒−𝑖𝜂𝜁 , 
where 𝜂 = 𝑘∕𝑘s is the dimensionless wavenumber. The equivalent form of Eq. (2) is given by 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕2𝑈𝑥
𝜕𝜁2

= 𝛽1𝑈𝑥(𝜁 ) + 𝜅𝑈𝑦(𝜁 )

𝜕2𝑈𝑦
𝜕𝜁2

= 𝜅𝑈𝑥(𝜁 ) + 𝛽2𝑈𝑦(𝜁 )
(7)

where the normalized parameters 𝛽1, 𝛽2, and 𝜅 are defined by 

𝛽1 =
𝐶2
66

𝐶2
16 − 𝐶11𝐶66

, 𝛽2 =
𝐶11𝐶66

𝐶2
16 − 𝐶11𝐶66

, 𝜅 = −
𝐶16𝐶66

𝐶2
16 − 𝐶11𝐶66

(8)

Eq.  (7) is further expressed as 
(

𝐊 − 𝜂2𝐈
)

[

Ψ𝑥

Ψ𝑦

]

= 𝟎, 𝐊 =
[

−𝛽1 −𝜅
−𝜅 −𝛽2

]

(9)

Eigenvalue solutions to Eq. (9) are given by 

𝜂2± = −
𝛽1 + 𝛽2 ±

√

(

𝛽1 − 𝛽2
)2 + 4𝜅2

2
, Ψ± =

⎡

⎢

⎢

⎢

⎣

𝛽1 − 𝛽2 ±
√

(

𝛽1 − 𝛽2
)2 + 4𝜅2

2𝜅
, 1

⎤

⎥

⎥

⎥

⎦

T

(10)

According to Eq. (10), the condition for simultaneous degeneracy of eigenvalues and eigenvectors is given by 
(

𝛽1 − 𝛽2
)2 + 4𝜅2 = 0 (11)

which is the dimensionless form of the EP condition (6).
3 
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In what follows, the tight-binding approximation will be adopted to simplify Eq. (9) such that the elastodynamic equation 
can be formulated in the form of the Schrödinger-like equation characterized by a non-Hermitian Hamiltonian. The tight-binding 
model originates from solid-state physics (Harrison, 1994), and it applies in the scenario that the system response is dominated 
by isolated states with weak couplings. Here, we focus on two fundamental states supported by 2D anisotropic elastic medium, 
namely longitudinal and transverse polarization dominated modes, and consider the case that their couplings are weak such that 
the tight-binding model can be applied to the studied system. According to the tight-binding approximation, the elastic medium is 
considered as an undisturbed system superimposed with small perturbations. The undisturbed system comprises the longitudinal and 
transverse polarization modes having nearly identical wavevectors, i.e., |

|

𝛽1|| ≈ |

|

𝛽2||. Meanwhile, the coupling between two modes as 
characterized by 𝜅 is seen as a small perturbation, satisfying |𝜅|≪ |

|

𝛽1,2||. These dimensionless parameters, 𝛽1,2 and 𝜅, are related to 
modulus parameters by Eq. (8). Therefore, the tight-binding approximation (|𝜅|≪ |

|

𝛽1|| ≈ |

|

𝛽2||) is equivalent to the modulus condition 
|

|

𝐶16
|

|

≪ |

|

𝐶11
|

|

≈ |

|

𝐶66
|

|

. Notice that this tight-binding condition should be satisfied at both EPs and loop trajectory enclosing them such 
that the coupled-mode description can be used to implement the design of chiral mode conversion. Based on above approximation, 
the eigenvalue of the medium system can be represented by 𝜂 = 1 + 𝛿, where the parameter 𝛿 satisfies |𝛿| ≪ 1, and it denotes 
the small disturbance of eigenvalues with respect to the unperturbed system. Accordingly, there exists the approximate relation 
𝜂2 ≈ 1 + 2𝛿. Substitute this relation into Eq. (9), obtaining the 𝛿-eigenvalue governed equation 

𝐇pΨ = 𝛿Ψ, 𝐇p =
1
2

[

−𝛽1 − 1 −𝜅
−𝜅 −𝛽2 − 1

]

(12)

The Hamiltonian of the undisturbed system is described by the identity matrix 𝐈. Thereby, the eigenvalue equation of the medium 
system can be arranged as a generic tight-binding form 

𝐇totalΨ = 𝜂Ψ, 𝐇total = 𝐈 +𝐇p =
1
2

[

1 − 𝛽1 −𝜅
−𝜅 1 − 𝛽2

]

(13)

Based on the Hamiltonian matrix 𝐇total, the spatial coupled-mode equation of the anisotropic medium is constructed as 

𝑖 d
d𝜁

𝐔̃ = 𝐇total𝐔̃ (14)

where 𝐔̃ is introduced satisfying 𝐔 =
(

𝐔̃ + 𝐔̃∗) ∕2 with the star symbol denoting the complex conjugate operation. Solutions to the 
eigenvalue problem of Eq. (13) are given by 

𝜂TB∓ =
2 −

(

𝛽1 + 𝛽2
)

∓
√

(

𝛽1 − 𝛽2
)2 + 4𝜅2

4
, ΨTB

± =

⎡

⎢

⎢

⎢

⎣

𝛽1 − 𝛽2 ±
√

(

𝛽1 − 𝛽2
)2 + 4𝜅2

2𝜅
, 1

⎤

⎥

⎥

⎥

⎦

T

(15)

It is seen from Eq. (15) that the coupled-mode model delivers the same EP condition as Eq. (11), thus can capture fundamental 
properties of the EP behavior in terms of the Hamiltonian equation framework. Although the tight-binding approximation is assumed, 
it would be demonstrated later that elastic systems can still support the chiral mode conversion behavior. Importantly, the tight-
binding model can offer deep insights towards the understanding and construction of the system symmetry and chiral dynamics 
induced by encircling EPs. Notice that the tight-binding model may deviate significantly from the original model when the condition 
|

|

𝐶16
|

|

≪ |

|

𝐶11
|

|

≈ |

|

𝐶66
|

|

 is strongly violated.
To proceed, there are two options for the medium system to fulfill the EP condition (6). One option is to introduce the complex 

modulus 𝐶11 = 𝐶 ′
11 + 𝑖𝐶

′′
11, while keep 𝐶66 and 𝐶16 being real values, and the medium system would support PT-symmetric EPs, as 

examined in Section 2.3. The other option is to introduce the complex modulus 𝐶16 = 𝐶 ′
16 + 𝑖𝐶

′′
16, while 𝐶11 and 𝐶66 are real values. 

In this case, the medium system supports anti-PT-symmetric EPs as disclosed in Section 2.4.

2.3. PT-symmetric EPs

Consider the case that 𝐶11 is the complex-valued modulus. The Hamiltonian matrix 𝐇total is expressed as 

𝐇total =
1

2𝐶 ′
11

[

𝐶 ′
11 + 𝐶66 − 𝑖𝐶 ′′

11𝐶66∕𝐶 ′
11 −𝐶16

−𝐶16 2𝐶 ′
11

]

(16)

According to Eq. (6), the EP condition is summarized as 𝐶 ′
11 = 𝐶66 and 𝐶 ′′

11 = ±2𝐶16. Now substitute the relation 𝐶 ′
11 = 𝐶66 into the 

Hamiltonian matrix 𝐇total. The coupled-mode equation (14) is rewritten as 

𝑖 d
d𝜁

𝐔̃ = 𝐇total𝐔̃, 𝐇total =
1

2𝐶66

[

2𝐶66 − 𝑖𝐶 ′′
11 −𝐶16

−𝐶16 2𝐶66

]

(17)

Perform the gauge transformation Φ = 𝐔̃exp[𝐶 ′′
11𝜁∕(4𝐶66)] for Eq. (17), giving rise to 

𝑖 d
d𝜁

Φ = 𝐇PTΦ, 𝐇PT = 1
4𝐶66

[

4𝐶66 − 𝑖𝐶 ′′
11 −2𝐶16

−2𝐶16 4𝐶66 + 𝑖𝐶 ′′
11

]

(18)

It can be found that the Hamiltonian matrix 𝐇PT follows the PT symmetry 
( )𝐇 ( )−1 = 𝐇 (19)
PT PT

4 
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Fig. 1. (a) Real and (b) imaginary parts of eigenvalues 𝜂± in the parameter space (𝐶 ′
11, 𝐶 ′′

11) calculated by Eq. (10); (c, d) The eigenvalue and (e) 
eigenmode amplitude ratio in the line of 𝐶 ′

11 = 𝐶66, where Ψ± =
[

Ψ𝑥,Ψ𝑦
]T
±; (f) Particle motion trajectories at the EP and eight nearby parametric 

points.

where the parity operator  can be characterized by the Pauli matrix[ 0 1
1 0

] (Ozdemir et al., 2019), and the time-reversal operator 
returns its conjugate when acting on a Hamiltonian matrix. The eigenvalue solutions of Eq. (18) are given by 

𝜂PT± =
4𝐶66 ±

√

4𝐶2
16 − 𝐶

′′2
11

4𝐶66
, ΨPT

± =

⎡

⎢

⎢

⎢

⎣

𝑖𝐶 ′′
11 ±

√

4𝐶2
16 − 𝐶

′′2
11

2𝐶16
, 1

⎤

⎥

⎥

⎥

⎦

T

(20)

Eigenvalues and eigenvectors are degenerate simultaneously when 𝐶 ′′
11 = ±2𝐶16, forming the PT-symmetric EP.

Consider material parameters 𝐶66 = 23 GPa, 𝐶16 = 0.05 GPa, and 𝜌 = 5000 kg∕m3. The excitation frequency is set as 𝑓 = 5
kHz. By calculating Eq. (10), real and imaginary parts of eigenvalues 𝜂± in the 2D parameter space (𝐶 ′

11, 𝐶 ′′
11) are displayed in 

Fig.  1(a, b). For brevity, denote the spectrum sheets with low and high values of |Im(𝜂±)| by the L and H mode, respectively. It is 
seen from Fig.  1(a, b) that the condition 𝐶 ′

11 = 𝐶66 defines the coalescing line, where real or imaginary parts of eigenvalues are 
partially degenerate. Figs.  1(c-e) show respectively the real and imaginary parts of eigenvalues as well as the amplitude ratio of 
eigenmodes at the coalescing line. In the line region of 𝐶 ′′

11 < 2𝐶16, the imaginary parts of eigenvalues coalesce, while their real 
parts are split, forming the so called branch cut (Zhang et al., 2018). Further insights can be gained from the eigenvector ΨPT

±  at 
this line as given by Eq. (20). It is readily derived that the eigenvector follows the relation  ΨPT

± = 𝜎±ΨPT
± , where ||𝜎±|| = 1. 

Therefore, the eigenmode amplitude exhibits the balancing distribution |ΨPT+,𝑥∕ΨPT+,𝑦| = |ΨPT−,𝑥∕Ψ
PT
−,𝑦| = 1 for either L or H mode, as 

evidenced in Fig.  1(e). The wave mode with above features is recognized as the PT-symmetric phase (Ozdemir et al., 2019). In the 
line region of 𝐶 ′′

11 > 2𝐶16, the real parts of eigenvalues coalesce while the imaginary parts are different. In this case, the eigenvector 
is found to follow  ΨPT

± = 𝜒±ΨPT
∓ , where ||𝜒±|| ≠ 1 and 𝜒∗

±𝜒∓ = 1. Subsequently, the eigenmode amplitude exhibits an asymmetric 
distribution satisfying |ΨPT−,𝑥∕ΨPT−,𝑦| = |ΨPT+,𝑦∕Ψ

PT
+,𝑥| > 1 as shown in Fig.  1(e), which is the signature of the PT-symmetry-broken phase. 

Notice that two lines intersect at the point of 𝐶 ′′
11 = 2𝐶16 which corresponds to the EP. Particle motion trajectories associated to 

L and H modes are illustrated in Fig.  1(f) for the EP and eight nearby parametric points distributed evenly in the circular loop of 
radius 0.02 GPa. The wave motion is typically characterized by the elliptical polarization, and the orientation of the polarization 
axis varies when the parametric point moves along the loop. At the EP, two waves propagate with the circular polarization of same 
oscillation magnitudes, demonstrating the degeneracy of eigenvectors.

2.4. Anti-PT-symmetric EPs

In the case of the complex-valued modulus 𝐶16 = 𝐶 ′
16 + 𝑖𝐶

′′
16, the Hamiltonian matrix 𝐇total is expressed as 

𝐇total =
1

[

𝐶11 + 𝐶66 −𝐶 ′
16 − 𝑖𝐶

′′
16

′ ′′

]

(21)

2𝐶11 −𝐶16 − 𝑖𝐶16 2𝐶11

5 
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Fig. 2. (a) Real and (b) imaginary parts of eigenvalues 𝜂± in the parameter space (𝐶 ′
16, 𝐶 ′′

16) calculated by Eq. (10); (c, d) The eigenvalue and (e) 
eigenmode amplitude ratio in the line of 𝐶 ′

16 = 0, where Ψ± =
[

Ψ𝑥,Ψ𝑦
]T
±; (f) Particle motion trajectories at the EP and eight nearby parametric 

points.

In this case, the EP condition (6) is given by 𝐶 ′
16 = 0 and 𝐶 ′′

16 = ±
(

𝐶11 − 𝐶66
)

∕2. By use of the condition 𝐶 ′
16 = 0, the coupled-mode 

equation (14) is simplified as 

𝑖 d
d𝜁

𝐔̃ = 𝐇total𝐔̃, 𝐇total =
1

2𝐶11

[

𝐶11 + 𝐶66 −𝑖𝐶 ′′
16

−𝑖𝐶 ′′
16 2𝐶11

]

(22)

Perform the gauge transformation Φ′ = 𝐔̃exp[𝑖𝜁 (3𝐶11 + 𝐶66)∕(4𝐶11)] for Eq. (22), leading to 

𝑖 dd𝜁Φ
′ = 𝐇APTΦ

′, 𝐇APT = 1
4𝐶11

[

𝐶66 − 𝐶11 −2𝑖𝐶 ′′
16

−2𝑖𝐶 ′′
16 𝐶11 − 𝐶66

]

(23)

Two modes are seen to have the purely imaginary coupling. Now the elastic medium becomes the anti-PT-symmetric system because 
the Hamiltonian matrix 𝐇APT follows the anti-PT symmetry 

( )𝐇APT( )−1 = −𝐇APT (24)

By solving the eigenvalue problem of 𝐇APT, it can be obtained that 

𝜂APT± =
±
√

(

𝐶66 − 𝐶11
)2 − 4𝐶 ′′2

16

4𝐶11
, ΨAPT

± =

⎡

⎢

⎢

⎢

⎣

−𝑖
(

𝐶11 − 𝐶66
)

± 𝑖
√

(

𝐶66 − 𝐶11
)2 − 4𝐶 ′′2

16

2𝐶 ′′
16

, 1

⎤

⎥

⎥

⎥

⎦

T

(25)

According to Eq. (25), the anti-PT-symmetric EP is formed when 𝐶 ′′
16 = ±(𝐶11 − 𝐶66)∕2.

Consider material parameters 𝐶11 = 24 GPa, 𝐶66 = 23 GPa, 𝜌 = 5000 kg∕m3, and the excitation frequency 𝑓 = 5 kHz. Eigenvalue 
results in the parameter space (𝐶 ′

16, 𝐶 ′′
16) calculated by Eq. (10) are shown in Fig.  2(a, b). It is seen that the coalescing line of 

eigenvalues appears at 𝐶 ′
16 = 0. The imaginary parts of eigenvalues overlap in the line region of 𝐶 ′′

16 < (𝐶11 − 𝐶66)∕2, as shown in 
Fig.  2(d). The wave mode in this region is recognized as the symmetry-broken phase because the eigenmode amplitude exhibits an 
asymmetric distribution as indicated in Fig.  2(e). A deeper understanding can be gained by examining the   transformation of the 
eigenvector ΨAPT

± , which results in  ΨAPT
± = 𝜒±ΨAPT

∓  with |
|

𝜒±|| ≠ 1 and 𝜒∗
±𝜒∓ = 1, demonstrating the broken-phase behavior. In 

the line region of 𝐶 ′′
16 > (𝐶11−𝐶66)∕2, the real parts of eigenvalues coalesce as presented in Fig.  2(c). The corresponding eigenvector 

follows  ΨAPT
± = 𝜎±ΨAPT

±  with |
|

𝜎±|| = 1, which is the landmark characteristics of the symmetric phase. Thereby, the energy 
is distributed evenly between two modes as shown in Fig.  2(e). Particle motion trajectories are illustrated in Fig.  2(f), showing 
similar features as those in the PT-symmetric medium. The particle motion follows the circular trajectory at the EP, while exhibits 
the elliptical polarization at parametric points on the loop of radius 0.4 GPa around the EP. The orientation of the principle axis 
changes at different points on the loop, and the aspect ratio of the polarization ellipse varies as well.
6 
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Fig. 3. (a) Schematic of the multilayer structure that supports the dynamic evolution of eigenstates around an EP; The structural systems to 
implement the mode evolution in the (b) anti-clockwise and (c) clockwise encircling direction.

3. Chiral mode conversion of elastic waves via dynamic encircling of EPs

3.1. Theoretical model

The dynamic encircling of an EP in the 2D parameter space can lead to the chiral mode transfer as demonstrated in acoustic and 
discrete mechanical systems (Duan et al., 2023, 2024; Geng et al., 2021a,b). These intriguing phenomena will be analyzed for elastic 
waves in this section. To implement the dynamic encircling of EPs, the loop trajectory is discretized into 𝑁 parametric points. Now 
construct a multilayered structure, where each layer is an anisotropic medium of same thickness 𝑤 and corresponds to a parametric 
point in the loop, as shown in Fig.  3(a). Elastic wave propagation in the multilayered structure would be equivalent to the dynamic 
evolution of eigenmodes enclosing the EP. This discretization method allows to study the dynamic evolution of elastic wave modes 
in an analytical manner, as addressed below.

Elastic wave propagation in the multilayered structure can be formulated based on the transfer matrix method as described 
below. According to Eq. (7), the wave equation for the 𝑛-th layer (𝑛 = 1,… , 𝑁) is given by 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕2𝑈𝑥
𝜕𝜁2

= 𝛽(𝑛)1 𝑈𝑥 + 𝜅(𝑛)𝑈𝑦

𝜕2𝑈𝑦
𝜕𝜁2

= 𝜅(𝑛)𝑈𝑥 + 𝛽
(𝑛)
2 𝑈𝑦

, 𝜁𝑛−1 ⩽ 𝜁 ⩽ 𝜁𝑛 (26)

where 𝛽(𝑛)1,2 and 𝜅(𝑛) are medium parameters corresponding to the 𝑛-th point in the loop. The displacement fields in the 𝑛-th layer 
can be expressed as 

𝑈 (𝑛)
𝑥 (𝜁 ) =

4
∑

𝑗=1
𝐴(𝑛)
𝑗 𝑒

𝑖𝜂(𝑛)𝑗 𝜁 , 𝑈 (𝑛)
𝑦 (𝜁 ) =

4
∑

𝑗=1
𝑀 (𝑛)

𝑗 𝐴(𝑛)
𝑗 𝑒

𝑖𝜂(𝑛)𝑗 𝜁 (27)

where 𝐴(𝑛)
𝑗  are unknown wave amplitudes, and 𝑀 (𝑛)

𝑗 = −[𝛽(𝑛)1 + (𝜂(𝑛)𝑗 )
2
]∕𝜅(𝑛). For convenience, 𝜂(𝑛)1 = −𝜂(𝑛)2 = −𝜂(𝑛)+  and 𝜂(𝑛)3 = −𝜂(𝑛)4 =

−𝜂(𝑛)−  have been defined, where 𝜂(𝑛)±  denote the eigenvalues of the 𝑛-th layer as given by Eq. (10). By substituting Eq. (27) into Eq. (1), 
the stress fields can be obtained as 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜎(𝑛)𝑥 (𝜁 ) = 𝑖𝑘s

(

𝐶 (𝑛)
11

∑4
𝑗=1 𝜂

(𝑛)
𝑗 𝐴(𝑛)

𝑗 𝑒
𝑖𝜂(𝑛)𝑗 𝜁 + 𝐶 (𝑛)

16
∑4
𝑗=1 𝜂

(𝑛)
𝑗 𝑀 (𝑛)

𝑗 𝐴(𝑛)
𝑗 𝑒

𝑖𝜂(𝑛)𝑗 𝜁
)

𝜏(𝑛)𝑥𝑦 (𝜁 ) = 𝑖𝑘s

(

𝐶 (𝑛)
16

∑4
𝑗=1 𝜂

(𝑛)
𝑗 𝐴(𝑛)

𝑗 𝑒
𝑖𝜂(𝑛)𝑗 𝜁 + 𝐶66

∑4
𝑗=1 𝜂

(𝑛)
𝑗 𝑀 (𝑛)

𝑗 𝐴(𝑛)
𝑗 𝑒

𝑖𝜂(𝑛)𝑗 𝜁
) (28)

Notice that 𝑘s = 𝜔
√

𝜌∕𝐶66, where the density 𝜌 and modulus 𝐶66 are constant values and same for each layer. The 𝑛-th layered 
medium occupies the region of 𝜁𝑛−1 ≤ 𝜁 ≤ 𝜁𝑛, where 𝜁𝑛 = 𝑛𝑘s𝑤. At left and right boundaries of each layer, the state vector 
𝐬(𝑛) (𝜁 ) = [𝑈 (𝑛)

𝑥 (𝜁 ) , 𝑈 (𝑛)
𝑦 (𝜁 ) , 𝜎(𝑛)𝑥 (𝜁 ) , 𝜏(𝑛)𝑥𝑦 (𝜁 )]T satisfy the relation 

𝐬(𝑛)
(

𝜁𝑛
)

= 𝐓(𝑛)𝐬(𝑛)
(

𝜁𝑛−1
)

(29)

where 𝐓(𝑛) is the transfer matrix as given by 

𝐓(𝑛) = 𝐁𝑛𝐑𝑛𝐁−1
𝑛 , 𝐁𝑛 =

⎡

⎢

⎢

⎢

⎢

⎢

1 1 1 1

𝑀 (𝑛)
1 𝑀 (𝑛)

2 𝑀 (𝑛)
3 𝑀 (𝑛)

4

𝑁 (𝑛)
1 𝑁 (𝑛)

2 𝑁 (𝑛)
3 𝑁 (𝑛)

4
(𝑛) (𝑛) (𝑛) (𝑛)

⎤

⎥

⎥

⎥

⎥

⎥

, 𝐑𝑛 = diag
[

𝑒𝑖𝜂
(𝑛)
1 𝑘s𝑤, 𝑒𝑖𝜂

(𝑛)
2 𝑘s𝑤, 𝑒𝑖𝜂

(𝑛)
3 𝑘s𝑤, 𝑒𝑖𝜂

(𝑛)
4 𝑘s𝑤

]

(30)
⎣ 𝐿1 𝐿2 𝐿3 𝐿4 ⎦

7 
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with 𝑁 (𝑛)
𝑗 = 𝑖𝑘s𝜂

(𝑛)
𝑗

(

𝐶 (𝑛)
11 +𝑀 (𝑛)

𝑗 𝐶 (𝑛)
16

)

 and 𝐿(𝑛)
𝑗 = 𝑖𝑘s𝜂

(𝑛)
𝑗

(

𝐶 (𝑛)
16 +𝑀 (𝑛)

𝑗 𝐶66

)

. The displacement and stress fields are continuous at the 
interfaces between adjacent layers, leading to the relation 𝐬(𝑚+1)(𝜁𝑚) = 𝐬(𝑚)(𝜁𝑚) with 𝑚 = 1,… , 𝑁 − 1. Therefore, the total transfer 
matrix 𝐓tot of the multilayered structure follows 

𝐬(𝑁) (𝜁𝑁
)

= 𝐓tot𝐬(1)
(

𝜁0
)

, 𝐓tot =
𝑁
∏

𝑛=1
𝐓(𝑁−𝑛+1) (31)

The dynamic evolution of eigenmodes can be analyzed by applying the corresponding displacement excitation 𝐔ext to the left 
boundary of the multilayered structure. To minimize the influence of wave scatterings from the end boundary, the multilayered 
structure is terminated by a semi-infinite medium labeled as the (𝑁 + 1)-th layer, which occupies the region of 𝜁 ≥ 𝜁𝑁 , as shown in 
Fig.  3(b). The displacement fields in this layer can be expressed as 

⎧

⎪

⎨

⎪

⎩

𝑈 (𝑁+1)
𝑥 (𝜁 ) = 𝐴(𝑁+1)

1 𝑒𝑖𝜂
(𝑁+1)
1 𝜁 + 𝐴(𝑁+1)

3 𝑒𝑖𝜂
(𝑁+1)
3 𝜁

𝑈 (𝑁+1)
𝑦 (𝜁 ) =𝑀 (𝑁+1)

1 𝐴(𝑁+1)
1 𝑒𝑖𝜂

(𝑁+1)
1 𝜁 +𝑀 (𝑁+1)

3 𝐴(𝑁+1)
3 𝑒𝑖𝜂

(𝑁+1)
3 𝜁

(32)

where 𝐴(𝑁+1)
1,3  are unknown wave amplitudes. The corresponding stress fields can be computed by Eq. (1). The state vector 𝐬(𝑁+1) at 

the interface 𝜁 = 𝜁𝑁  of the semi-infinite medium is expressed as 
𝐬(𝑁+1)(𝜁𝑁 ) = 𝐁𝑁+1𝐑𝑁+1𝐀𝑁+1 (33)

where 

𝐀𝑁+1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐴(𝑁+1)
1
0

𝐴(𝑁+1)
3

0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐑𝑁+1 = diag
[

𝑒𝑖𝜂
(𝑁+1)
1 𝜁𝑁 , 𝑒𝑖𝜂

(𝑁+1)
2 𝜁𝑁 , 𝑒𝑖𝜂

(𝑁+1)
3 𝜁𝑁 , 𝑒𝑖𝜂

(𝑁+1)
4 𝜁𝑁

]

(34)

Denote the stress responses at the excitation boundary (𝜁 = 𝜁0) by 𝜎res𝑥  and 𝜏res𝑥𝑦 , and define the state vector 𝐬0 = [𝑈ext
𝑥 , 𝑈 ext

𝑦 , 𝜎res𝑥 , 𝜏res𝑥𝑦 ]
T. 

By use of the continuous condition of displacements and stresses at the interface 𝜁 = 𝜁𝑁 , it can be obtained that 
𝐀𝑁+1 =

(

𝐁𝑁+1𝐑𝑁+1
)−1𝐓tot𝐬0 (35)

Based on Eq. (35), the parameters 𝐴(𝑁+1)
1 , 𝐴(𝑁+1)

3 , 𝜎res𝑥  and 𝜏res𝑥𝑦  can be determined. Finally, the displacement fields in the multilayered 
structure can be analytically computed and used to analyze the mode evolution around the EP.

The dynamic encircling in the opposite direction to the model of Fig.  3(b) can be implemented by terminating the left side of the 
multilayered structure by a semi-infinite medium labeled as the 0-th layer, and applying the displacement excitation 𝐔ext to the right 
boundary (𝜁 = 𝜁𝑁 ), as shown in Fig.  3(c). The state vector at the excitation boundary can be defined as 𝐬𝑁 = [𝑈ext

𝑥 , 𝑈 ext
𝑦 , 𝜎res𝑥 , 𝜏res𝑥𝑦 ]

T, 
where 𝜎res𝑥  and 𝜏res𝑥𝑦  are the corresponding stress responses. The displacement fields in the region of 𝜁 ≤ 𝜁0 can be expressed as 

⎧

⎪

⎨

⎪

⎩

𝑈 (0)
𝑥 (𝜁 ) = 𝐴(0)

2 𝑒𝑖𝜂
(0)
2 𝜁 + 𝐴(0)

4 𝑒𝑖𝜂
(0)
4 𝜁

𝑈 (0)
𝑦 (𝜁 ) =𝑀 (0)

2 𝐴(0)
2 𝑒𝑖𝜂

(0)
2 𝜁 +𝑀 (0)

4 𝐴(0)
4 𝑒𝑖𝜂

(0)
4 𝜁

(36)

where 𝐴(0)
2,4 are unknown wave amplitudes. The state vector 𝐬(0) at the interface 𝜁 = 𝜁0 of the semi-infinite medium can be derived 

as 
𝐬(0)(𝜁0) = 𝐁0𝐀0 (37)

where 𝐀0 = [0, 𝐴(0)
2 , 0, 𝐴(0)

4 ]T. By use of the continuous conditions at the interface 𝜁 = 𝜁0, it can be obtained that 

𝐬𝑁 = 𝐓tot𝐁0𝐀0 (38)

The displacement fields in the multilayered structure can be calculated by Eq. (38).

3.2. Dynamic encircling of the PT-symmetric EP

The dynamic encircling of the PT-symmetric EP can be implemented by choosing the loop trajectory as drawn in Fig.  4(a), which 
is parameterized by 

{

𝐶 ′
11 (𝜁 ) = 0.02 cos

(

𝜔𝑟𝜁 + 𝜙0
)

+ 23 (GPa)
𝐶 ′′
11 (𝜁 ) = 0.02 sin

(

𝜔𝑟𝜁 + 𝜙0
)

+ 0.1 (GPa)
(39)

where 𝜔𝑟 = 2𝜋∕𝐿𝑡 and 𝐿𝑡 = 𝑁𝑘s𝑤 denotes the total evolution length with 𝑁 = 6540. The modulus 𝐶 (𝑛)
11  in the 𝑛-th layer (𝑛 = 1,… , 𝑁) 

is set as 𝐶11(𝐿𝑛), where 𝐿𝑛 = (𝑛 − 1)𝑘s𝑤 and 𝑤 = 29.4 mm, while other material parameters are same as those used in Fig.  1. The 
property of the terminated semi-infinite medium is chosen according to the rule that its impedance is best matched with the adjacent 
8 
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Fig. 4. (a) The circular loop trajectory in the parameter space (𝐶 ′
11, 𝐶

′′
11) used for implementing the dynamic encircling of the PT-symmetric 

EP with the starting point lying near the PT-symmetric phase; Normalized displacement amplitudes in the process of dynamic encircling of the 
PT-symmetric EP calculated by the transfer-matrix method (TMM) and numerical simulation (SIM) in four cases: (b) the L mode and (c) H mode 
input for the anti-clockwise evolution; (d) the L mode and (e) H mode input for the clockwise evolution.

layer to minimize the wave reflection from the terminated medium. It can be seen from Fig.  1(a, b) that the modulus parameters 
fluctuate slightly in the process of dynamic encircling of EPs. Therefore, the semi-infinite medium is set as the same one at the EP, 
but their imaginary parts are removed because the loss/gain property is not required for reducing wave reflection. According to this 
rule, the modulus properties of the semi-infinite medium are set as 𝐶11 = 23 GPa, 𝐶66 = 23 GPa, 𝐶16 = 0.05 GPa.

Consider first the case that the starting point is set near the PT-symmetric phase by choosing 𝜙0 = −1.7𝜋∕3. The displacement 
excitation 𝐔ext is then retrieved from the modal fields at the starting point, and is applied to the left (right) boundary for achieving 
the anti-clockwise (clockwise) mode evolution along the loop, respectively. Based on the transfer matrix method as presented in 
Section 3.1, the displacement fields 𝐔(𝑛)(𝜁 ) in the multilayered structure can be calculated as shown in Figs.  4(b–e) for different 
input states and loop directions. For verification, numerical simulations are also performed based on COMSOL Multiphysics, and 
the results are illustrated in Fig.  4, showing the excellent agreement with theoretical ones. Notice that the simulation model is 
similar to that illustrated in Figs.  3(b, c), except that the far side of the semi-infinite medium is terminated by the perfectly matched 
layer.

The variation of modal amplitudes in the process of dynamic encircling of the EP can be retrieved from the displacement fields 
based on the following method. The displacement 𝐔(𝑛)(𝜁𝑛) at the point of 𝜁 = 𝜁𝑛 can be written in terms of the eigenvector of the 
𝑛-th layer as 

𝐔(𝑛) (𝜁𝑛
)

= 𝑞(𝑛)L Ψ(𝑛)
L + 𝑞(𝑛)H Ψ(𝑛)

H (40)

where 𝑞(𝑛)L,H and Ψ
(𝑛)
L,H denote modal amplitudes and eigenvectors of L and H modes. By multiplying (Ψ(𝑛)

L,H)
T𝐊(𝑛) on both sides of 

Eq. (40), and using the orthogonality relationship (Ψ(𝑛)
L,H)

T𝐊(𝑛)Ψ(𝑛)
H,L = 0 (Veletsos and Ventura, 1986), the modal amplitude 𝑞(𝑛)L,H can 

be determined as 

𝑞(𝑛)L,H =

(

Ψ(𝑛)
L,H

)T
𝐊(𝑛)𝐔(𝑛) (𝜁𝑛

)

(

Ψ(𝑛)
L,H

)T
𝐊(𝑛)Ψ(𝑛)

L,H

(41)

where 𝐊(𝑛) is the stiffness matrix as defined by Eq. (9). Fig.  5 shows the variation of modal amplitudes in the dynamic encircling of 
the PT-symmetric EP for different input states and evolution directions. There are two core signatures that significantly affect the 
dynamic evolution behavior. One performance is that the modal amplitude curve of L or H modes is subject to an abrupt change as 
caused by the branch cut (BC) line. Two modes exchange their identity when passing across this line. The other feature is the curve 
crossing phenomenon, which is inherently related to the non-adiabatic transition (NAT). The appearance of the NAT is required by 
the system stability, and it usually occurs when the high-loss mode dominates at the beginning of the evolution. Due to the joint 
action of the BC and NAT, the L (H) mode is dominant at the end of the evolution for the anti-clockwise (clockwise) evolution 
case, and the result is irrelevant to the input state, as confirmed by Fig.  5. This behavior is known as the chiral switching for the 
PT-symmetric phase.

Given the parametric trajectory (39), the evolution of modal amplitudes around the EP can be also predicted by the coupled-mode 
model (14). The displacement field 𝐔̃ (𝜁 ) can be expressed as 

𝐔̃ (𝜁 ) = 𝑞L (𝜁 )ΨTB
L (𝜁 ) + 𝑞H (𝜁 )ΨTB

H (𝜁 ) (42)

where ΨTB
L,H is the right eigenvector of the Hamiltonian matrix 𝐇total (𝜁 ) as given by Eq. (15). Introduce the left eigenvector 𝐈TBL,H, 

which can be calculated by using the relation (𝐇 )†𝐈TB = (𝜂TB )∗𝐈TB . The left and right eigenvectors satisfy the bi-orthogonal 
total L,H L,H L,H
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Fig. 5. Modal amplitudes in the process of dynamic encircling of the PT-symmetric EP calculated by the transfer-matrix method (TMM) and 
coupled-mode theory (CMT) in four cases: (a) the L mode and (b) H mode input for the anti-clockwise evolution; (c) the L mode and (d) H mode 
input for the clockwise evolution.

Fig. 6. (a) The circular loop trajectory same to Fig.  4(a) but with the starting point lying near the PT-broken phase, and (b–e) the corresponding 
modal amplitude results similar to those shown in Figs.  5(a–d).

relationship (𝐈TB𝑖 )†ΨTB
𝑗 = 𝛿𝑖𝑗 (𝑖, 𝑗 = L,H), where † denotes the conjugate transpose operation. By projecting the left eigenvectors 

𝐈TBL,H (𝜁 ) onto the displacement field 𝐔̃ (𝜁 ), the modal amplitude 𝑞L,H can be calculated by 

𝑞L,H (𝜁 ) =
[

𝐈TBL,H (𝜁 )
]†
𝐔̃ (𝜁 ) (43)

Results of modal amplitudes 𝑞L,H calculated by the coupled-mode model have been plotted in Fig.  5, which coincide very well with 
those of transfer-matrix method, verifying the chiral transfer of the symmetric-phase mode.

Now study the dynamic encircling performance when the starting point lies at the vicinity of the PT-broken phase by setting 
𝜙0 = 1.3𝜋∕3, as sketched in Fig.  6(a). Figs.  6(b–e) show the variation of modal amplitudes for different starting states and evolution 
directions. When the L mode is excited, the system undergoes twice the mode switching caused by the BC and NAT respectively 
for both anticlockwise and clockwise encircling cases, and the output mode remains the same as the input state as indicated by 
Figs.  6(b, d). When the H mode is initially excited, it is finally converted to the L mode after experiencing twice NATs and once BC 
induced mode switching, as evidenced in Figs.  6(c, e). To conclude, the non-chiral mode switching behavior occurs when the starting 
point lies near the PT-broken phase, and the system always outputs the low-loss L mode irrelevant to input states and encircling 
directions, in accordance with the observation in optical (Zhang et al., 2018) and discrete mechanical systems (Geng et al., 2021b).

Chiral mode transfer is a manifestation of the Riemann surface topology, thus it is robust against not only the input state but 
also the loop trajectory. To demonstrate the latter effect, we devise an irregular loop trajectory as displayed in Fig.  7(a), which is 
parameterized by 

{

𝐶 ′
11 (𝜁 ) = 0.02 ×

[

2 cos
(

𝜔𝑟𝜁 − 0.6𝜋
)

− cos
(

2𝜔𝑟𝜁 − 0.6𝜋
)]

+ 23 (GPa)
𝐶 ′′
11 (𝜁 ) = 0.02 ×

[

2 sin
(

𝜔𝑟𝜁 − 0.6𝜋
)

− sin
(

2𝜔𝑟𝜁 − 0.6𝜋
)]

+ 0.1 (GPa)
(44)

Modal amplitudes 𝑞L,H calculated by the transfer matrix method and coupled-mode model are shown in Figs.  7(b–e) in four cases 
of different input states and evolution directions. Results show again the chiral behavior of mode switching, demonstrating its 
robustness against the shape change of the loop enclosing the EP. While preserving the chiral behavior, the shape change of the 
10 
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Fig. 7. (a) The irregular loop trajectory in the parameter space (𝐶 ′
11, 𝐶

′′
11) used for implementing the dynamic encircling of the PT-symmetric EP; 

(b–e) Results similar to those shown in Figs.  5(a–d), but for a parametric loop along the irregular trajectory in (a).

Fig. 8. (a) The circular loop trajectory in the parameter space (𝐶 ′
16, 𝐶

′′
16) used for implementing the dynamic encircling of the anti-PT-symmetric 

EP with the starting point lying near the symmetry-broken phase; Normalized displacement amplitudes in the process of dynamic encircling of 
the anti-PT-symmetric EP calculated by the transfer-matrix method (TMM) and numerical simulation (SIM) in four cases: (b) the U mode and 
(c) B mode input for the anti-clockwise evolution; (d) the U mode and (e) B mode input for the clockwise evolution.

loop trajectory is found to have an enlargement effect on the amplitude ratio of output modes at the end of evolution. Thereby, the 
design of loop paths can act as a new degree for precise control of the chiral mode transfer.

3.3. Dynamic encircling of the anti-PT-symmetric EP

The dynamic encircling of the anti-PT-symmetric EP is implemented by choosing the parametric trajectory 
{

𝐶 ′
16 (𝜁 ) = 0.4 cos

(

𝜔𝑟𝜁 + 𝜓0
)

(GPa)
𝐶 ′′
16 (𝜁 ) = 0.4 sin

(

𝜔𝑟𝜁 + 𝜓0
)

+ 0.5 (GPa)
(45)

where 𝜔𝑟 = 2𝜋∕𝐿𝑡, 𝐿𝑡 = 𝑁𝑘s𝑤, 𝑁 = 540, and 𝑤 = 29.4 mm. The modulus 𝐶 (𝑛)
16  of the 𝑛-th layer is given by 𝐶16(𝐿𝑛), where 

𝐿𝑛 = (𝑛 − 1)𝑘s𝑤. The parametric loop defined by Eq. (45) is displayed in Fig.  8(a), where the starting point is set near the symmetry-
broken phase by choosing 𝜓0 = −1.7𝜋∕3. The modulus properties of the semi-infinite medium are set as 𝐶11 = 24 GPa, 𝐶66 = 23 GPa, 
𝐶16 = 0 according to the same rule as explained in PT-symmetric systems. Based on the transfer matrix method, the displacement 
fields in the multilayered structure can be calculated by solving Eq. (31), and then used to retrieve the modal amplitudes based 
on Eq. (41). For brevity, the upper and bottom spectrum sheets of Re(𝜂±) in Fig.  2 are termed as the U and B modes, respectively. 
Theoretical results of displacement fields are calculated for different input states and loop directions as shown in Figs.  8(b–e), which 
are in good agreement with simulation results.

Fig.  9 plots the modal amplitude curves of U and B modes in the dynamic encircling of the anti-PT-symmetric EP for different 
input states and loop directions. In the anti-clockwise evolution case, the U mode is dominant at the end of the evolution, while 
the system outputs the B mode in the clockwise evolution case. Above behavior is irrelevant to input states, demonstrating the 
chiral conversion of symmetry-broken states. Figs.  10(b–e) display the mode evolution results when the starting point lies near the 
anti-PT-symmetric phase by setting 𝜓0 = 1.3𝜋∕3, as sketched in Fig.  10(a). It is found that the system always outputs the U mode 
irrelevant to the input mode and encircling direction, showcasing the non-chiral mode conversion behavior.
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Fig. 9. Modal amplitudes in the process of dynamic encircling of the anti-PT-symmetric EP calculated by the transfer-matrix method (TMM) and 
coupled-mode theory (CMT) in four cases: (a) the U mode and (b) B mode input for the anti-clockwise evolution; (c) the U mode and (d) B mode 
input for the clockwise evolution.

Fig. 10. (a) The circular loop trajectory same to Fig.  8(a) but with the starting point lying near the anti-PT-symmetric phase, and (b–e) the 
corresponding modal amplitude results similar to those shown in Figs.  9(a–d).

Fig. 11. (a) The irregular loop trajectory in the parameter space (𝐶 ′
16, 𝐶

′′
16) used for implementing the dynamic encircling of the anti-PT-symmetric 

EP; (b–e) Results similar to those shown in Figs.  9(a–d), but for a parametric loop along the irregular trajectory in (a).

The chiral behavior of the broken phase is further studied by postulating an irregular loop trajectory as drawn in Fig.  11(a), 
which is defined by 

{

𝐶 ′
16 (𝜁 ) = 0.15 ×

[

2 cos
(

𝜔𝑟𝜁 − 0.6𝜋
)

− cos
(

2𝜔𝑟𝜁 − 0.6𝜋
)]

(GPa)
𝐶 ′′
16 (𝜁 ) = 0.15 ×

[

2 sin
(

𝜔𝑟𝜁 − 0.6𝜋
)

− sin
(

2𝜔𝑟𝜁 − 0.6𝜋
)]

+ 0.5 (GPa)
(46)

Results of modal amplitudes of U and B modes are illustrated in Figs.  11(b–e), proving again the chiral transfer of the broken phase 
and its robustness against the shape change of the loop enclosing the EP.
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Fig. 12. (a–d) The orientation angle (𝜃) and aspect ratio (𝑏/𝑎) of trajectory ellipse for each particle in the multilayer structure, corresponding 
to four cases in Figs.  8(b–e) respectively.

According to Fig.  2(f), the U and B modes near the broken phase are characterized by the quasi-longitudinal (QL) and quasi-
transverse (QT) polarization features. Therefore, the chiral dynamics of the broken phase may provide a new mechanism for unusual 
mode conversion of classical elastic P and S waves. By taking the circular loop encircling case in Fig.  8 as an example, further analyses 
are given here regarding the wave polarization evolution as the incident wave propagates through the multilayer structure. According 
to displacement fields in Fig.  8, the motion trajectory of particles is found to follow the elliptic profile. Therefore, the polarization 
evolution can be characterized by the ellipse orientation angle (𝜃) and aspect ratio (𝑏/𝑎) as shown in Fig.  12, corresponding to four 
cases in Figs.  8(b–e) respectively. It is seen from Fig.  12(a) that, when the U mode with the QL feature is inputted from the left, the 
orientation angle varies at different positions as the wave propagates, and remains the nearly longitudinal polarization at the exit 
port. While for the rightward input case in Fig.  12(c), the U mode is eventually converted to the transverse motion. By contrast, 
the B mode undergoes the polarization conversion in the leftward incidence case as shown in Fig.  12(b), while still keeping the QT 
feature when the wave is incident from the right as displayed in Fig.  12(d). The orientation angle evolution clearly demonstrates 
the polarization conversion functionality for elastic waves, and the underlying mechanism can be attributed to the chiral dynamics 
of the broken phase. In all cases, the aspect ratio of trajectory ellipse at exit ports is not perfect, namely not sufficiently small. The 
reason can be understood from the modal amplitude curves in Fig.  9, where the modal amplitude of the non-dominant output state 
is not vanishingly small. It is worth noting that the amplitude ratio between two states at the output port is affected by the loop 
shape and evolution rate. Therefore, the mode purity at exit ports can be improved by optimization design of the path enclosing 
the EP.

The mode conversion efficiency measures the fraction of energy transformed from an input mode to a different target output 
mode (Yang and Kim, 2018). Thanks to the gain feature of anti-PT-symmetric system, the energy of the desired output mode 
can be significantly enhanced relative to the input energy with the conversion efficiency beyond unity as observed in Fig.  9. The 
modal amplitude ratio between the input U (B) mode and output B (U) mode can reach up to 5.11 (5.36), showcasing the superior 
mode conversion efficiency. It is worth noting that the mode conversion based on the chiral dynamics can possess the topological 
robustness against the imperfection of propagation medium, as confirmed in Figs.  9 and 11 where the chiral mode conversion 
is available for both regular and irregular loop trajectories. This acts as a unique feature compared with other mode conversion 
mechanisms (Zhu et al., 2014; Yang and Kim, 2018; Wei et al., 2024).

4. Conclusions

Elastic media with anisotropic elasticity involve rich polarization modes and strong mode couplings, which make them an ideal 
platform to explore the non-Hermitian behavior for elastic waves. In this work, the PT-symmetric/anti-PT-symmetric EPs and chiral 
mode conversion of elastic waves via the dynamic encircling of them are realized in anisotropic elastic media with complex modulus. 
Based on the tight-binding approximation, the elastodynamic equation of 2D anisotropic media is formulated as the form of the 
Schrödinger-like equation with the non-Hermitian Hamiltonian. The eigenvalue analyses of the Hamiltonian disclose the existence of 
13 
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the PT and anti-PT symmetry, and derive the parameter conditions for the appearance of EPs. The dynamic evolution of eigenmodes 
encircling the EP is implemented in the multilayered structure, where each layered medium corresponds to a discretized parametric 
point in the loop enclosing the EP. Based on the transfer matrix method, the displacement fields in the multilayered structure are 
analytically calculated, and used to retrieve the variation of modal amplitudes in the process of dynamic encircling of the EP. 
The dynamic evolution of eigenmodes is studied in different cases of input states and loop directions. It is found that the dynamical 
encircling of a PT-symmetric EP can lead to chiral transfer for the PT-symmetric phase, while the encircling of an anti-PT-symmetric 
EP results in chiral switching for the symmetry-broken phase. The chiral behavior is decided primarily by the loop direction, and 
is robust against not only the input state but also the shape change of the loop trajectory.

In our study, the PT-symmetric elastic medium is a purely lossy system without requiring the energy gain. A desirable option 
for its practical realization is based on the composite material embedded with ferromagnetic/ferroelectric particles, which are 
driven by external magnetic/electric fields (Borin and Stepanov, 2015). The constitutive relation of the composite material can be 
described by viscoelastic properties with storage modulus and loss modulus, which jointly generates the complex elastic modulus. 
These modulus properties can be flexibly tuned by modulating the intensity of applied magnetic/electric field. By contrast, the 
designed anti-PT-symmetric elastic medium requires the gain effect, and an ideal candidate for its practical realization is based on 
composite piezoelectric structures with the shunting circuit (Singh et al., 2021, 2022). The circuit system can provide a large degree 
to customize the gain/loss property of complex elastic modulus by means of shunting circuits (Chen et al., 2017; Li et al., 2018; 
Zhu et al., 2016; Thomes et al., 2024) or active feedback transfer function control (Liu et al., 2024). Therefore, the designed non-
Hermitian elastic media are physically realizable in experimental platform. The proposed studies may open a new avenue towards 
unusual propagation and polarization control for elastic waves.
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