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Abstract Locally resonant metamaterials can
achieve vibration suppression within a certain band-
gap range. However, even a slight deviation between
the excitation frequency and the bandgap range can
cause large amplitude response due to the resonant
peaks near the linear bandgap region. To overcome
this issue, nonlinear locally resonant metamaterials
shift the resonance peaks through hardening or
softening stiffness, effectively weakening the intensity
of the resonance and broadening the vibration atten-
uation range. Different from such conventional non-
linear locally resonant metamaterials, this paper
integrates the concepts of dynamic vibration absorbers
and autoparametric vibration absorbers, proposing a
novel nonlinear locally resonant metamaterial based
on autoparametric resonance. This paper begins by
deriving the system’s governing equations through the
extended Hamilton’s principle while considering the
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effects of geometric nonlinearity. Then, the nonlinear
vibration suppression characteristics of the unit cell
and metamaterial are investigated. It is found that the
autoparametric resonance-based metamaterial not
only preserves the original linear bandgap but also
suppresses the resonant peaks near the bandgap,
generating a new adjustable nonlinear vibration
attenuation region at the lower frequency. Besides,
the effect of damping is also examined, demonstrating
that reducing damping can further enhance the vibra-
tion suppression within the nonlinear range. Finally,
by employing the gradient design of the absorbers’
natural frequency, the nonlinear attenuation regions
and linear bandgap are merged, effectively broadening
the range of vibration suppression. The study shows
that metamaterials based on the autoparametric reso-
nance mechanism can overcome the limitations of the
existing locally resonant metamaterials, providing a
new strategy and insights for resonance suppression in
periodic structures.

Keywords Nonlinear metamaterials - Vibration

attenuation - Resonance peak suppression -
Autoparametric resonance

1 Introduction

Metamaterials are artificially synthesized materials
that, through the design of periodic microstructure,
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break the mechanical performance limitations of
materials, exhibiting properties beyond those of
natural materials [1]. The unit design of metamaterial
is highly flexible, allowing them to be either discrete
mechanisms or continuous structures, tailored to
address various practical problems and achieve dif-
ferent functions [2]. So far, metamaterials have been
applied in many fields, including waveguides [3, 4],
cloaking [5, 6], nondestructive testing [7, 8], energy
absorption and harvesting [9-11]. One of the impor-
tant applications of metamaterials is to achieve broad
low-frequency vibration attenuation. Locally resonant
metamaterials (LRMs) form bandgaps near the res-
onators’ natural frequencies [12]. Within the bandgap,
energy is blocked by out-of-phase resonant motions of
the periodically arranged resonators, thereby effec-
tively suppressing the global propagation of vibrations
[13]. Different from the Bragg scattering mechanism
in phononic crystals, customable bandgap can be
generated solely determined by the local resonators,
which provides an advantage of achieving low-
frequency vibration attenuation on a small-scale
metastructure [14]. To further explain the formation
mechanism of the locally resonant bandgap, Huang
et al. [15] constructed one-dimensional mass-in-mass
lattices and discovered that the negative effective mass
results in the attenuation of wave amplitude along the
metamaterial. For a unit cell of LRM, the concept of
negative effective mass can be understood through the
perspective of a dynamic vibration absorber (DVA)
[16]. When the excitation frequency is greater than or
equal to the resonant frequency, the effective mass is
negative within a certain range. The negative effective
mass corresponds to the system’s optical mode, where
the resonator vibrates out of phase with the primary
mass, and the counteracting force of the resonator
reduces the amplitude of the primary mass [17].
However, both LRM and DVA indicate that the
bandgap of LRMs is very narrow and more resonance
peaks are also generated near the bandgap region due
to the modal vibrations of the resonators, making it
impossible to achieve vibration attenuation over a
broadband range. In order to broaden the attenuation
range, unit cells with varying resonator designs need to
be added. Pai et al. [18, 19] designed metamaterial
beams with gradiently changing local resonators. Zhu
et al. [20] designed a chiral elastic metamaterial beam
with section-arranged different resonators, which
effectively attenuates vibrations over a wide
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frequency range by eliminating dynamic interactions
between the resonators. However, due to structural
size limitations, the overall mass of the resonators has
to be increased. Rui et al. [21] proposed an vibration-
absorbing metamaterial with a two-degree-of-freedom
unit that achieves multi-band and multi-mode vibra-
tion suppression. Owing to the drawbacks of the
vibration absorption mechanism, new resonance peaks
still appear on both sides of the absorption frequencies.
In addition, the use of various locally resonant
attenuation bands can also achieve wideband vibration
control. Dwivedi et al. [22] proposed a double-
negative metabeam by combining the negative stiff-
ness and mass, which significantly broadens the
vibration suppression range by merging bandgaps at
different frequencies. For the traditional LRMs,
broadening the suppression range often requires
increasing the resonator mass or damping, which is
detrimental to the lightweight design and the damping
effect is poor for low frequency vibration. Addition-
ally, excessive damping can diminish the suppression
effect within the bandgap and may even cause the
bandgap to close [23].

To overcome the limitations of linear systems,
nonlinear springs with softening or hardening stiffness
are incorporated into the linear system [24]. For
nonlinear dynamic vibration absorbers (NDVAs),
incorporating nonlinearity causes the resonance peak
to bend, thereby reducing its amplitude and widening
the vibration suppression range [25, 26]. Nonlinear
locally resonant metamaterials (NLRMs) constructed
with NDVAs as unit cells exhibit various interesting
wave propagation phenomena, offering potential for
broadening the linear bandgap [27, 28]. Fang et al.
[29, 30] introduced a local bifurcation mechanism to
eliminate multimodal resonances in the original
passband, generating new chaotic bands that achieve
broadband vibration suppression. Compared to linear
systems, nonlinearity can significantly enhance the
influence of the mass ratio on the bandgap, necessi-
tating less additional mass to achieve a broader
nonlinear suppression range [31]. Meanwhile,
NLRMs demonstrate strong amplitude dependence,
such that increasing the excitation amplitude can
significantly enhance the system’s nonlinearity. At
different levels of nonlinearity, NLRMs can exhibit
both linear and nonlinear vibration attenuation mech-
anisms [32]. Xiao et al. [33] increased the excitation
amplitude to enhance the strength of nonlinearity,
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achieving a wider range of vibration attenuation
through the bistable mechanism. Furthermore, non-
linear designs are more flexible and adaptable. Zhao
et al. [34] used triplets of resonators and broadened the
linear bandgap through a combination of hardening-
plus-softening nonlinearity. Yu et al. [35] designed a
combination of linear and nonlinear metamaterials,
greatly improving the bandwidth and robustness of
vibration suppression. Chen et al. [36] incorporated
fractional and cubic nonlinearities through circuit
design, achieving wideband suppression at a lower
excitation amplitude threshold. Zhao et al. [37]
proposed bi-linear oscillators based on non-smooth
nonlinearity, which suppress the amplitude of reso-
nance peaks on both sides of the bandgap through
chaotic effects. For most NLRMs, although the
amplitude of the resonance peaks is attenuated, the
resonator’s single vibration mode is insufficient to
completely eliminate the resonance peaks. Further-
more, the nonlinear and linear systems affect each
other and cannot be adjusted independently.

Unlike the aforementioned nonlinear mechanisms,
autoparametric resonance is a completely different
nonlinear vibration phenomenon, not caused by
external excitation, but by time-varying changes in
system’s parameters [38, 39]. A key characteristic of
an autoparametric vibration system is nonlinear inter-
nal coupling, which involves at least two modes.
When the natural frequencies of the two modes are in a
two-to-one ratio, energy is transferred from one mode
to another one [40, 41]. Therefore, autoparametric
resonance is often used to suppress vibrations induced
by resonant or near-resonant excitations. Haxton et al.
[42] attached cantilever beams with tip masses to the
base structure, proposing an autoparametric vibration
absorber (AVA). Experimental results demonstrate
that this absorber is highly effective in suppressing the
resonant response. Subsequently, Yan et al. [43]
expanded on this by employing the method of multiple
scales (MMS) to analyze the stability and bifurcation
of the system, discovering various nonlinear phenom-
ena, such as saturation, jumps, hysteresis, and chaos.
Compared to DVA, the AVA’s vibration direction is
perpendicular to that of the primary system, and when
it is not close to the main system’s resonant frequency,
the AVA does not cause undesirable resonance.
However, the vibration absorption frequency range
of a single AVA remains narrow. Vyas et al. [44]
extended the suppression range of the resonant

response by attaching multiple pendulums with vary-
ing natural frequencies to a single-degree-of-freedom
system. Although the advantage of inducing autopara-
metric resonance is obvious, particularly for suppress-
ing the resonance peaks of the global structures, the
research on autoparametric resonance in the field of
metamaterials is limited. Yu et al.[45] and Zhou et al.
[46] integrated autoparametric resonance with nonlin-
ear chirality and nonlinear inertia respectively, to
achieve non-reciprocal wave propagation within peri-
odic structures. Silva et al. [47] produced internal
resonance via nonlinear wave interactions, resulting in
a subharmonic attenuation zone. However, due to the
limitations of quadratic nonlinearity, this new nonlin-
ear attenuation zone can only manifest at twice the
locally resonant frequency.

In order to effectively suppress the resonance peaks
near the linear bandgap region and further enhance the
vibration suppression capability of LRMs, we propose
anovel NLRM that leverages the vibration absorption
mechanisms of both DVA and AVA. It not only
preserves the original band gap but also effectively
weakens the resonant peaks near the bandgap, gener-
ating a new nonlinear attenuation region at low
frequencies. Furthermore, through parameter design,
the linear and nonlinear bandgaps have been success-
fully merged, significantly broadening the suppression
range. The paper is organized as follows. Section 2
presents the mechanical and mathematical models of
the nonlinear unit cell, as well as the corresponding
governing equations through the extended Hamilton’s
principle. Section 3 explores the impact of autopara-
metric resonance on vibration suppression in both the
unit cell and the metamaterial as a whole, elucidating
the suppression mechanism by parameter analyses,
while verifying them through finite element simula-
tions. Additionally, the parameter design for metama-
terials to achieve improved suppression performances
are presented in Sect. 4. Finally, the conclusions are
summarized in Sect. 5.

2 Mechanical and mathematical models

First, the proposed autoparametric resonance-based
metamaterials (ARMs) are shown in Fig. 1a. Com-
pared with traditional linear LRMs, the unit cell of the
ARMs considered herein consists of three parts: a
bottom block M, a cantilever beam and a tip block
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Fig. 1 a The conceptual (a)

ARMs

design of the proposed
autoparametric resonance-
based metamaterials
(ARMs). The unit cells are
connected by linear springs.
The enlarged view shows

the components of the unit Fixed  Fcos(w?)
cell; b Mechanical model of
the three-degree-of-freedom

AR unit cell. The dashed
line represents the
undeformed state, while the
solid line represents the
deformed state. The
schematic on the right-hand
side is used to define the
geometry and illustrate the
in-extensibility condition

AR unit cell

Fixed

Tip block

Cantilever
beam

Bottom block
Linear spring

Base block

M. The tip block and the bottom block are connected
by a cantilever beam capable of undergoing bending
deformation. As shown in Fig. 1b, the stiffness and
damping of the linear springs connecting the bottom
block to the movable base (frame) of block M, and the
movable base to the fix one are k;, ¢; and kg, cg,
respectively. The length, width and moment of inertia
of the tip block are L,,B, and J;, respectively. The
length and width of the cantilever beam are L and B.
The distance from the centre of tip block to the
cantilever beam’s free end is denoted by L.. The
bottom of the unit cell is fixed, and a harmonic force
excitation is applied to the base block in the y
direction. The position of the tip block and bottom
block are respectively defined by the generalized
coordinates y; and y,. The displacement and rotation
angle of the cantilever beam in the deflection direction
are w(s, t) and ¢(s, 1), respectively, where s is the local
coordinate along the neutral axis of the cantilever
beam and ¢ is the time. It is assumed that the cantilever
beam is an Euler—Bernoulli beam, and there is no axial
deformation after large deformation, i.e., the beam is
inextensible [48].

Figure 1b illustrates the geometric relationship of
cantilever beam deformation. The red dashed line
represents the initial undeformed state (length ds), and
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Fcos(wr)

Fixed

the red solid line represents the deformed state (length
ds). Considering the in-extensibility condition, the
infinitesimal length ds remains unchanged before and
after beam bending. Furthermore, we assume that
ds = ds[49], and the geometric relationship is as
follows:
dw dw ,
=—=Ww

singp = —

ds  ds (1)

(ds — du)’+dw? = ds* = ds? (2)

where du and dw represent the infinitesimally small
displacement in the y and x direction, respectively.
Considering the geometric relationship of the beam,
the components of ¢/(s, t) and u/(s, t) are expressed as
follows:

w = (Sin71 (Wl(s7 t)))/

~w (s, 1) (1 + %w’(s, t)2) (3)

w(s,1)*

dulst) _ 1 —cos (s, 1) ~ —5 (4)

ds

In Eq. (3) and (4), the simplification is performed
using the Taylor expansion. Terms of the third and
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higher orders are neglected due to their negligible
impact on the results. To further obtain the governing
equation of the proposed system, we choose the
extended Hamilton’s principle [50]:

15}
/ (6T — OTT + W, )dt = 0 (5)
4l
where (11, 1,) is arbitrary time span. 7, IT and W, are
respectively the kinetic energy, potential energy and
virtual work due to non-conservative forces.

Then, by substituting the geometric relationships
Eq. (3) and (4), the potential energy Il and kinetic
energy T are expressed as

1= %kdyj
+ lk1 01— ya)’+ /L lEI (W’ + w"w?]ds
2 0 2
(6a)
T+ S0+ 0 [ (S (w45 )25@ ~ Lyds
A opo-a ([ ) o [ o
+%M2 (W(L‘ 1)+ /O'LLUW’ (1 + %wQ) <1 - %wﬂ)a(s - L)ds)2 .
M ()4 </U L% (awé;;’ ’))zdn>
+/0LL1,W’W’(1 +%w/2)¢5(s - L)dsr
(6b)

where the dot (-) represents the derivative with respect
to #, while p and EI are the mass per unit length and the
bending stiffness of the beam, respectively. For
Eq. 64, the first and second terms on the right-hand
side represent the potential energy of two linear
springs, while the third term corresponds to the
bending strain energy of the cantilever beam. For
Eq. 6b, the first and second terms on the right-hand
side represent the kinetic energy of the base block and
bottom block, respectively. The third term corre-
sponds to the rotational kinetic energy of the tip block.
The fourth and fifth terms represent the kinetic energy
of the cantilever beam in the y and x directions,
respectively. The sixth and seventh terms correspond
to the kinetic energy of the tip block in the x and

y directions, respectively. Here, we ignore the effect of
gravity on potential energy and the effect of beam
mass on kinetic energy.

In the kinetic energy term, the motions defined by
the generalized coordinates y,(f) and w(s,7) are
coupled to each other in the y direction, resulting in
a nonlinear effect on M;. In the expression, the
geometric nonlinearity of the beam deformation and
the influence of the structural dimensions of tip block
are considered. The terms containing L. and J;
represent the effects of the position of the center and
the rotation of the tip block on the system’s kinetic
energy, respectively. When the deformation of the
beam is significant, the influence of the rotation angle
@(s, 1) increases. Therefore, we retain terms up to the

third order w/(s, 1)3 and below in the expansion.

Further, the work stemming from non-conservative
terms includes damping forces of the spring and
cantilever beam, as well as external excitation, and is
expressed as

Wye = }{Fd(t)dyd JF%FI (t)dy;
+/0 j{Fz(s, t)dwds + F(t)yq(t) (7)

where Fy(t) and F,(¢) are the damping forces
generated by the linear viscous dampers, acting on
base block and bottom block respectively, the expres-

Fd = —Cq (1) and

which  are e

sions  for

Fi=—¢ ayét(’).Fg is the structural damping force

generated by the cantilever beam, which is assumed
to be linear as well, and its expression can be written as

[51] Fp, = c%, where ¢ represents the viscous
damping coefficient. The last term in Eq. (7) F() is
the harmonic force applied to the base block and it is
assumed to be of the form F(¢) = Fcos(wt), where F
is the excitation amplitude and w is the excitation
angular frequency.

Substituting the expressions for the kinetic energy
T, potential energy Il and virtual work W, into
Eq. (5), and performing some simplification, the
governing equations of the three-degree-of-freedom
AR unit cell can be expressed as follows

@ Springer
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Mgy, + cayq + c1(¥g — Y1) + kaya + ki (ya — y1)

= Fcos(w.t)
(8a)
(My + My + M)y, + c1 (¥ — Yq) +ki(y1 — ya)

Eoo(td* o, Led®,
- M| == = —L
/0 2<2dt2 (W)= 5 () %8s ))ds

[ e e

(8b)

[52], it is assumed that the deflection w(s,7) is a
uniformly convergent series:

o0

wis,1) =Y bi(s).qi(0) ©)
i=1

where ¢;(¢) and ¢;(s) are time and spatial variables,

representing the i-th modal coordinates and modal

shapes of the cantilever beam with tip block. Then the

modal shape ¢;(s) of beam can be expressed as

¢;(s) = A; sin fi;s + B; cos fi;s + C; sinh fi;s

+ D;cosh ;s (10)

/)W—‘rEI[WW +W/2WW+W”3 —|-4W, /! ///] +ow

g () Jor- g oo 5

o~ Mo (006 1)+ 220 ) (

ds
[Ma(1 4 Led(s — L)) + p(L = s)]y) —

dZ

3 () o

1 d&? dé(s —
ran ) ( = aé(s_”) (8¢)
5—( DECI

_M, (/OL (%%(WIY—LCE (W)25(s — L)) ds> _ JE%( NVo(s — L)

In Eq. (8b), M. is the total mass of the cantilever
beam given by M, = [ gpds, and J(s — L) is the Dirac
delta Eq. (8¢), one has
o = w4+ 2w 4+ wni”’, and the coefficient before
the w” term is expressed as the axial force applied at
different positions on the beam. Moreover, when the
mass of the tip block increases, the influence of its
centre offset distance L. and moment of inertia J, also
increases. Therefore, we consider their impact on the
structural nonlinearity, resulting in a more accurate
vibration response.

As the excitation on the base block is harmonic, in
order to further characterize the nonlinear response of
the AR unit cell, we use the Galerkin approach to
discretize the motion of the cantilever beam, so as to
calculate the natural frequencies and modes of differ-
ent orders. Based on the modal superposition method

function. In
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where A;, B;, C; and D; are the coefficients that can be
calculated from the boundary, equation, while f3; are
unknown eigenvalues.

For the cantilever beam with the tip block, the
simplified boundary conditions are taken as follows
[53]:

$(0) =0
¢'(0) =0
EI"(L) — 0*MyL.p(L) — 1, ¢ (L) = 0

El¢" (L) + 0’ MoL.d' (L) + o* My (L) =
(11)
Substituting Eq. (10) into Eq. (11), we can further

obtain f; by solving the following eigenvalue
equation:
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ﬁ4 Zﬁl 2 .
Jle; - M; pL — P;sin(L;)

(M + J,B7) cosh(LB;) + 2 M, sinh(LB;)L.)
+ cos(LB;) (B;(M> — J,ﬁiz) sinh(L;) + cosh(LB;)

4 4
(%m%+m%ﬁ+0)=o

(12)

Furthermore, based on the orthogonality condi-
tions, the eigenvectors are normalized by the follow-
ing expression [54]

{ fé pei(s)

JLEL ()¢ (s)ds = Sy002

¢, (s)ds + Mai(L) (L) + J1¢i(L) $(L) + MaLey(L) (L) + MaLe (L) (L) = 0

where
/ [k
g = ;@
¢ b M1+M2+M
M, + M, + M,
= M A_M F=N"m,
d d d
L
£ = cq - c Aéchogﬁ%(s)ds
T Mg T 2(My + My + Mo P 20,
(16)
(13)

where i and j represent the vibration modes of different
orders;d;; is the Kronecker delta, defined as unity when
i is equal to j and zero otherwise. Moreover,; is the i-
th undamped natural angular frequency, as given by

= B VEI]p (14)

Since the second and third order natural frequencies
are much larger than the first order natural frequency,
only the first-order modes of the beam system are used
herein to calculate the corresponding response. The
coefficients A;, B;, C; and D; in Eq. (10) are obtained
by considering Eq. (11-13). Subsequently, Eq. (9) is
substituted into Eq. (8). Then, Eq. (8c) is multiplied
by the first-order mode shape ¢,(s), and integrated
along the length of the beam. Finally, the dimension-
less governing equations of the AR unit cell is
obtained in the form:

Vg +284wayy 4 217 1(Y,

Vi + 280100 = ¥g) + of (5 — ya) —

—y) + wfg)’d + V%(yd - 1)

n3 . )
[ + — ()
M, + M, + M, (9d+ ) (15)

In Eq. (15), ®; and w,; are the linear natural
frequency of the resonator and the base block in the
discrete case, respectively.£;,¢; and &, are the damp-
ing ratios of two linear springs and the cantilever
beam, respectively; A is the amplitude of the excitation
acceleration; ,u2 is the mass ratio of the entire resonator
to the base block; y; is the coefficient representing the
linear interaction between the resonator and the base
block. Further, due to the large deformation bending
and the tip block effect on the cantilever beam, the
nonlinear terms appear in the governing equations and
are labelled by n; and n, in Eq. (15), respectively. The
bending deformation of the beam couples the motion
of the tip block in the x direction and the bottom block
in the y direction, with the coupling intensity charac-
terized by the nonlinear coefficient ns3. Thus, the
coefficients n;, n, and n3 are as follows. For conve-
nience, ¢ is used to replace ¢ (s).

= A cos(wt)

G+ 2602 + 03q + g+ maq(qd + ¢*) — nagy, =0
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i
n = A EI(¢¢/2¢/// +4¢¢/¢/// + ¢)¢//3)ds

mep | ' ( I ¢>’(n)2dn> soas— [ ' ( / Lp( / 5 ¢>’(11)2df1>d6> ¢ ds + My ( / " ¢'2ds)¢<L>¢’<L>

- / " <M2 ( / ’ ¢’2ds> - 2Lc¢’<L)2> $¢'ds — ML (L)Y (L)1, (L)
0 0

ns = Ma ($(L)#'(L) + Lo (L

/M¢”¢ds+/0 o dds — p /OL<L—s)¢”¢>ds

(17)

To facilitate the use of the Runge—Kutta method for Y =[Y),Ys, Y3, Y, Ys, YG]T:

solving the solutions of the system’s governing
equations, we introduce the following state space

variables:

Fig. 2 a The AR resonator
with two modes, where the
natural frequencies of the
linear and nonlinear modes
are denoted as w and w;,
respectively; b Frequency—
response curves of the base
block, with resonator
frequencies of w; = 50 Hz
and w, = 20.01 Hz. The
resonance peaks occur at
Q; =39.95 Hz and

Q, = 62.57 Hz;

¢ Frequency-response
curves of the tip block
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(a)

[Yd7yd7y17Y1,q,4]T

(18)

and rewrite the governing Eq. (15) as

AR unit cell

Nonlinear

Linear

(b)

Normalized displacement
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Table 1 Material and L, Length of the tip block [mm] 5
fg?ﬁﬁlzgﬁr operties of the L. Distance between the centre of the tip block and the beam’s free end [mm] 2.5
B, Width of the tip block [mm] 10
L Length of the beam [mm] 30
B Width of the beam [mm)] 1
Young’s modulus of the beam [GPa] 1.79
p Mass per unit length of the beam [kg/m] 0.00625
M, Mass of the tip block [g] 4
M, Mass of the bottom block [g] 4
My Mass of the base block [g] 40
Yi=Y, nonlinear coefficients can be tuned, enabling the
Yo = —aj¥i = 287 u(Ys — Ya) = 2&04Y2 — 71(Y1 — Y3) + A cos(wr) investigation of the effects of autoparametric reso-
Y=Y, nance on the resonance peaks in locally resonant
Vo= —of(Ys = 1) = 2601(Ys - 2) + Wﬁ (¥sYs +Y5) metamaterials.
Ys =Yg
Yo = —03¥s — 28,0,Ys — m Y3 — na¥s(Ys¥s + Y2) + n3¥sY,
(19) 3 Results and verification

The response of the system in a time domain can be
calculated by solving Eq. (19), while the natural
frequencies of the system can be determined by
solving the eigenvalues of the linear matrix in the
spatial state equation. The specific expression of the
matrix is as follows:

0 1 0 0
—0f =y} “2&ymu—280m4 7] 2571

| O 0 0 1
- »? 28,0, —w? =204

0 0 0 0

0 0 0 0

In this section, the effect of nonlinear coupling on
resonance suppression is illustrated by comparing
three cases of the unit cells: (i) no resonator, (ii) with a
linear resonator, and iii) with a nonlinear resonator.
Subsequent parametric analyses give insight into the
effects of natural frequency and strength of nonlin-
earity on the nonlinear response.

0 0
0 0
0 0
0 0 (20)
0 1
—CU% —2&m

During the research process, the discrete frequency wy
and the linear resonant frequency @, can be adjusted
through the linear spring stiffness, the mass of the base
block, and the total mass of the resonator. The resonant
frequencies of the system can be obtained from
Eq. (20). Furthermore, the natural frequency w, and
the first-order mode shape ¢,(s) of the cantilever
beam with the tip block can be obtained from Eq. (10—
14). Finally, the nonlinear coefficients of the govern-
ing equations can be determined by Eq. (17). By
adjusting the system’s parameters, w; and the

3.1 Vibration suppression characteristics of AR
unit cell

For the nonlinear AR unit cell, two modes of vibration
of the resonator correspond to the linear and nonlinear
modes respectively, as shown in Fig. 2a. The natural
frequencies of the base block and linear mode are set
as wy = w; = 50Hz.

Then, using Eq. (12), (14) and (20), the natural
frequencies of the system are obtained as Q; =
39.95Hz,Q, = 62.57Hz and w, = 20.01Hz, where
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Fig. 3 aand b Time histories and Poincaré section of the base
block at the excitation frequency of ) =39.95Hz; ¢
Frequency spectra in the range of 36.8-42.2 Hz; d and e
Poincaré section of the base block at the excitation frequency of
Q, = 62.57Hz and 62.76 Hz; f Frequency spectra in the range

Q; and Q, are the resonant frequencies of the locally
resonant unit cell (LR unit cell),w, is the first-order
natural frequency of the cantilever beam with the tip
block, and it is also the natural frequency of the
nonlinear mode. All material and geometric parame-
ters of the prototype are given in Table 1.

Additionally, the excitation amplitude A (Eq. (16))
is set to 19.5. To ensure the convergence of the
solution, slight damping is added to the system. For the
nonlinear response, the steady-state amplitude of the
base block is evaluated using the root-mean-square
(RMS) and then normalized by the static displacement
(F [ka).

The frequency-response results of the unit cell are
shown in Fig. 2b. The lines represent the results
calculated numerically by the Runge—Kutta method,
and the dots represent the results simulated using the
finite element software ANSYS. The details of the
finite element model are provided in Appendix. It can
be found that for the LR unit cell, when the excitation
frequency equals the natural frequency of resonator,
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of 62.08-63.17 Hz. In ¢ and f, the red color exhibits high
amplitude levels, while the blue color represents low amplitude
levels. The frequency components corresponding to the
excitation frequency are marked

the spring force generated by the resonator counteracts
the external force exerted on the primary mass,
resulting in the primary mass remaining nearly
stationary (damping is present). However, the intro-
duction of the resonator causes the system’s natural
frequency to change from one to two, thereby
generating two resonance peaks at €Q; and €,
respectively. This is highly detrimental to effective
vibration suppression.

While maintaining the total mass of the resonator
constant, the AR unit cell, unlike the linear LR unit
cell, retains the original linear vibration attenuation
region, and the oscillation of the tip block in the
deflection direction attenuates the two resonance
peaks, as shown in Fig. 2b. When the excitation
frequency is approximately twice w,, as shown in
Fig. 2c, the tip block begins to swing at the frequency
of w, due to autoparametric resonance. Then, the
nonlinear mode of the resonator is activated, and the
tip block acts as a nonlinear resonator that absorbs
energy from the base block. By transferring the energy
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to the tip block, the resonant amplitude of the base
block decreases significantly, creating a new nonlinear
vibration attenuation region between 36.7 and
42.12 Hz (blue shaded area in Fig. 2b), in which the
amplitude of the nonlinear system is smaller than that
of the LR unit cell.

When the excitation frequency is near w;, the
disproportionate frequency and smaller vibration
amplitude cause the autoparametric resonance to fail,
the nonlinear mode of the resonator vanishes, and the
amplitude of the tip block in the deflection direction
becomes zero. Then, the entire resonator exhibits the
linear mode, where the tip block, cantilever beam, and
bottom block can be regarded as a rigid system. The
linear mode of the resonator produces a linear
attenuation region with a frequency range that matches
that of the linear system (green shaded area in Fig. 2b).
The mode switching will produce the jump of the
vibration amplitude (red dotted line in Fig. 2b and c¢),
which is common in the autoparametric resonance
systems [42].

When the excitation frequency is near €, it is
interesting that even though the excitation frequency
does not satisfy the doubling relationship with w,, the
strong amplitude induced by the modal resonance still
triggers autoparametric resonance, thereby weakening
the amplitude near Peak 2. As shown in Fig. 2c, non-
proportional frequencies will produce an unstable re-
sponse between 62.1 and 63.13 Hz, in which there are
no stable solutions.

Figure 3 illustrates the nonlinear vibration response
of the base block within the two resonance peak
regions. As shown in Fig. 3a and b, when the
excitation frequency equal to €Q;, the amplitude of
the base block is significantly attenuated, and the
response exhibits periodic motion. Figure 3c depicts

60 70 80 -6 -4 -2 0 2 4 6

Displacement A[mm|

the frequency spectra of the base block within the
nonlinear region near Peak 1. The results display that
the energy at other frequencies is almost zero except
for the dominant frequency, indicating that the vibra-
tion is essentially maintained in a stable motion.

When the excitation frequency equals to Q,, the
amplitude of resonance is also reduced. As depicted in
Fig. 3d the Poincaré section becomes a closed orbit
with one self-crossing, indicating that the base block
undergoes a quasi-periodic response and stable torus
motion. Upon further increasing the excitation fre-
quency to 62.76 Hz, the orbit is destroyed and the
points in Poincaré section become more irregular, as
shown in Fig. 3e. Figure 3f presents the frequency
spectra within the unstable response, and it can be
observed that in addition to the dominant frequency,
energy is also distributed across other frequencies. A
more continuous distribution of amplitudes over the
frequency range demonstrates the dispersion of
energy. Subsequently, the response of the base block
becomes random-like, and the system progressively
shifts toward a chaotic response [55]. Finally, when
the excitation frequency exceeds 63.13 Hz, the vibra-
tion returns to the periodic motion.

3.2 Effect of natural frequency of the nonlinear
mode

To further illustrate the creation of resonance sup-
pression, this section keeps other parameters constant
and explores the influence of natural frequency of the
nonlinear mode (w;) on the nonlinear response
characteristics.

The frequency-response curves for three cases are
shown in Fig. 4a. In these cases, the w, are equal to be
17.55 Hz, 20.01 Hz, and 22.47 Hz, respectively. The
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Fig. 5 a The time histories of tip block under different
excitation amplitudes A when the excitation frequency is Q; =
39.95 Hz and Q, = 62.57 Hz; b The threshold of the excitation

results indicate that the position of the nonlinear
attenuation region is adjustable. This region is located
at twice @, and does not affect the position of the
linear attenuation region.

Within the nonlinear region, the response charac-
teristics of the unit cell differ under the three cases.
When the excitation frequencies are 35.14 Hz,
39.06 Hz, and 43.43 Hz, respectively, the three cases
reach their minimum within the region. Moreover, as
twice w, approaches w;, the minimum amplitude
becomes smaller. Due to the effect of nonlinear terms
in Eq. (15), the excitation frequency of the minimum
slightly deviates from twice w,. Unlike the previous
work [43], when two natural frequencies are present in
the linear system, the asymmetry of the amplitude near
Peak 1 is exacerbated. Consequently, as twice w, gets
closer to w1, the deviation of the excitation frequency
becomes greater. Besides, when €, and m, satisfy a
double relationship, the conclusion remains the same.

For Case 1, when the excitation frequency increases
to satisfy the condition of autoparametric resonance,
the nonlinear mode is activated, and the system
generates the jump up at 33.89 Hz, which results in
a sudden increase in the amplitude of the unit cell. And
for Case 3, the natural frequencies of the nonlinear
mode and the linear mode are too close, resulting in a
reduction of the linear attenuation region, which is
undesirable. What is more, when the excitation
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frequency is near Q,; in Case 1 and Case 3, the ratio
of frequencies no longer complies with the doubling
condition. The large vibration amplitude and fre-
quency deviation result in the unstable response:
37.37-41.67 Hz in Case 1, and 39.92-42.25 Hz in
Case 3, within which the response ceases to be
periodic.

Meanwhile, the change of w, will also affect the
nonlinear response near Peak 2. As w; increases, the
response range of the autoparametric resonance
expands from 62.34-62.92 Hz to 62-63.25 Hz. Addi-
tionally, the suppression effect on the resonant ampli-
tude gradually strengthens. As shown in Fig. 4b, the
Poincaré section transforms from the closed ellipse
into a discrete set of points, indicating that the
vibration response changes from quasi-periodic to
chaotic.

3.3 Effect of excitation amplitude

In the previous section, we showed that when the
excitation amplitude is large enough, autoparametric
resonance can be excited to accomplish energy
transfer even if the frequency ratio does not satisfy
the doubling condition. Next, the natural frequencies
of the system are kept at Q; =39.95Hz, Q, =
62.57Hz and w, = 20.01Hz, and the influence of
excitation amplitudes on the AR unit cell is explored.



A new strategy for vibration suppression in locally resonant metamaterials 24089

(a) (b) (©
40.0 —m— Excitation frequency 10.24 % 40.0 —m— Excitation frequency 4 ().24 g 40.0 —=— Excitation frequency 0.24 %
—@— Minimum amplitude E —@— Minimum amplitude E ~—e— Minimum amplitude E
Q Q F [}
gl lo2o 8 =70 020 & &0 1020 &
= s & s & =
239.2 L >392 = >392t =
= 0162 g 016 2 2 10.16 2
: 3 & 3 & E
538.8 N 5388 N 5388 s
=4 10125 £ 012 s & 10.12 5
= E = E = £
38.4} E 334 S 384 g
L . 10.08 'z L L 10.08 'z A A . 0.08 'z
3E409 GE+09 100000 175000 250000 15 25 35 45 55
|| 725
(@) (e) (®
S g 2000 g g[ . Ts00F £ gl ] r
QE) i T, g ; 00l QE) ._.\ ; 1000
o 7 3 o} o7t 5 o0 g7t » g o
8 < 8 3 -900 8 N =
26 2-1000 ¢ =6 > o 6} o >-1000}
2 22000 L mmm 2 e 2 N, e
< 5 4502 4 S 5t -'4 202 4 S 5t .\ -}-Z-IO 123
o Displacement A i Displacement A el N Displacement A
-g 4t o—o—o—o—o—o~o—.—._._.‘._. @ 4+ ._’././..—0—0—-0 'g 4t o\
T3 EE1 il g 3f e \
E é g \.\o\.
o o L o L
7 2 z 2 z 2

3E+09 4E+09 SE+09 6E+09
|’71|

Fig. 6 Effect of nonlinear coefficient n;, n, and n3 on vibration
response of the base block. When one coefficient varies, the
other coefficients remain unchanged
(ny = —4.1987E9, n, = 176361,n3=36.3071). a—c The mini-
mum response amplitude within the valley and its excitation

Figure 5a shows the effect of excitation amplitude
A on the time histories of the tip block at the
frequencies of two resonance peaks. When the exci-
tation frequency Q; approximately satisfies the dou-
bling relationship with the w,, there is a threshold of
the excitation amplitude that induces the tip block to
oscillate periodically through the action of autopara-
metric resonance. When the excitation amplitude is
very small (A = 0.0275), the oscillations of the
resonator is insufficient to excite the nonlinear mode.
As a result, the amplitude of the tip block decreases
gradually due to the slight damping of the cantilever
beam, and the resonator eventually returns to the linear
mode. When the excitation amplitude is sufficiently
large (A = 0.0281), the tip block absorbs energy and
increases in amplitude, eventually resulting in a
stable periodic response.

However, as depicted in the lower plot in Fig. 5a,
when the excitation frequency is €, the doubling
condition for autoparametric resonance is no longer
satisfied, requiring a larger amplitude of excitation to

100000 150000 200000 250000
ln2| |n3|

15 20 25 30 35 40 45 50

frequency; d—f Resonant amplitude at the excitation frequency
of Q, =62.57 Hz. The embedded figure shows the phase
portraits and Poincaré sections of the base block under strong
nonlinear conditions

stimulate the tip block. Since the time histories exhibit
periodic behavior, only the results for the time interval
of 040 s are plotted. The results show that the
nonlinearity of the system is also enhanced. The
vibration response of the tip block passes from
periodic to quasi-periodic with a small increase in
the excitation amplitude. This also results in a
decrease in the periodicity of the unit cell’s output,
leading to unstable response.

For the above two qualitatively different responses,
Fig. 5b shows the threshold of the excitation ampli-
tude that produces autoparametric resonance at dif-
ferent excitation frequencies. Using the bisection
method, the intermediate state (tip block sustains
oscillation) is selected as the criterion to determine the
excitation threshold. It is found that in both cases, the
required excitation amplitude is minimal at the
resonant frequency; while increasing or decreasing
the excitation frequency will both augment the
threshold, and this effect is more pronounced when
the frequency decreases. Compared to Peak 2, the
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Fig. 7 a Effect of beam length on the nonlinear coefficient ns.
From Case 1 to Case 3, n3 are 22.46, 36.31 and 43.74; b The
threshold of the excitation amplitude at different values of n3,
with excitation frequencies equal to the two resonance
peaks,QQ; = 39.95 Hz and Q, = 62.57 Hz; ¢ Frequency-re-
sponse curves at different strengths of nonlinearity, with

excitation threshold near Peak 1 is insignificant
because the excitation frequency is well matched with
twice @,. In addition, the change trends of the
thresholds are different in the two cases. When the
deviation between the excitation frequency and the
resonant frequency is the same, the threshold incre-
ment of Peak 2 is significantly greater than that of Peak
1.

3.4 Effect of strength of nonlinearity

Next, keeping the natural frequencies and excitation
amplitude constant, the influence of different strengths
of nonlinearity on the unit cell is explored. Based on
Eq. (17), further investigation is carried out to explore
the effects of the three nonlinear coefficients nj, ny,
and n3 on the vibration response.

First, from the previous conclusions, it can be
observed that when the excitation frequency is
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approximately twice w,, the autoparametric resonance
creates an attenuation region (similar to a valley),
where a minimum amplitude occurs within the inter-
val. For the lowest point of the valley, Fig. 6a—
presents the effects of the three nonlinear coefficients
ni, ny, and n3 on the output amplitude and excitation
frequency. When one nonlinear coefficient varies, the
other coefficients remain unchanged. The initial
parameter settings are as follows:
ny = —4.1987E9, n, = 176361, n3=36.3071. As
shown in Fig. 6a and b, increasing n; or decreasing
ny will further reduce the minimum amplitude within
the valley, while the corresponding excitation fre-
quency shifts to a higher frequency. In comparison, 73
has a significantly greater impact on the linear system.
As shown in Fig. 6c, increasing n3 can more effec-
tively reduce the amplitude while shifting the excita-
tion frequency to a lower frequency.
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When the excitation frequency equals €, the
frequency does not satisfy the doubling condition.
As shown in Fig. 6d—f, increasing njor decreasing n;
will also enhance the suppression of the resonance.
Meanwhile, it decreases the periodicity of the oscil-
lation, and leads to an unstable response. Similarly, the
effect of n; on the resonant amplitude remains more
pronounced. Therefore, in subsequent studies,nsis
used as a measure of strength of nonlinearity.

Subsequently, the system’s strength of nonlinearity
and natural frequency , can be tuned by adjusting the
geometric and physical parameters of the resonator.
As shown in Fig. 7a, reducing the length of the
cantilever beam can increase the nonlinear coefficient
n3, while adjusting the mass ratio of the tip block to the
bottom block keeps w, at 20.01 Hz. Then, Fig. 7b
depicts the threshold of the excitation amplitude at two
resonant frequencies with different strengths of non-
linearity. In both cases, the threshold follows the same
trend: as the nonlinearity increases, the required
excitation amplitude to activate resonator’s nonlinear
mode decreases. Specifically, when the excitation
frequency equals €, the overall threshold is much
larger than that of Q;due to the disproportionate
frequency relationship. Additionally, the power of the
fitting functions is nearly identical, indicating that
variations in the strength of nonlinearity have a
comparable impact at the two resonant frequencies.

50 60
Frequency[Hz]

50 60 30 40

Figure 7c depicts the frequency-response curves
for three cases of strength of nonlinearity, as marked in
Fig. 7a. When the nonlinearity is weak, as in Case 1,
the attenuation region becomes narrow. The nonlinear
mode of the resonator is activated at 37.45 Hz, causing
the amplitude of the unit cell to drop suddenly. As the
excitation frequency is further increased, an unsta-
ble response is formed near Peak 1 (36.42-39.1 Hz),
and when the frequency reaches 41.75 Hz, a new
resonance peak is generated. When the nonlinearity is
further increased, the range of the nonlinear response
is broadened, and the suppression of resonance is
simultaneously enhanced, without affecting the linear
local resonance.

Additionally, increasing the strength of nonlinear-
ity also broadens and enhances the suppression of
Peak 2. Figure 7d displays the phase portraits and
Poincaré section at Q, for the three cases. As the
nonlinearity increases, the vibration amplitude and
periodicity of the unit cell gradually decrease. Con-
sequently, the system’s response transitions from
periodic to quasi-periodic and eventually to chaotic.

3.5 Vibration suppression characteristics
of ARMs

The results from the analyses of the response of the

unit cell reveal that the nonlinear effect of autopara-
metric resonance can effectively suppress the resonant
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Fig. 9 Time histories, amplitude spectra, phase portraits and
Poincaré sections of the output response in Case 5 at different
excitation frequency. a 39.95 Hz; b 45.42 Hz; ¢ 27.2 Hz. The
first column shows the time histories of LRMs and ARMs, the

amplitude near the linear attenuation region, and a new
nonlinear attenuation region is observed at twice w;.
In this section, we investigate the vibration suppres-
sion characteristics of the ARMs with multiple unit
cells, limiting it here to seven unit cells. As shown in
Fig. 8a, the leftmost end is as attached to a fixed base,
while the rightmost end is free. Then, a harmonic force
excitation is applied to the first unit cell as the input
(A = 37.5), and the normalized RMS of the last unit
cell is the output.

Firstly, the w; of all resonators is equal to 50 Hz,
and the w; is adjusted by changing the mass ratio of
the tip block to the bottom block. Figure 8b displays
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second column shows the amplitude spectra of ARMs, and the
third column shows the phase portraits and Poincaré sections of
ARMs

the frequency response curves of ARMs at different
@, with the results of finite element model repre-
sented by the dots. From Case 1 to Case 3, the w, are
equal to 13.6 Hz,20.01 Hz and 22.71 Hzrespectively,
while the nonlinear coefficient n3 remains approxi-
mately 36.3. It is very apparent that for the LRMs, a
linear bandgap is generated near the ;; however,
some resonance peaks also occur simultaneously
outside the region.

For the ARMs, the nonlinear mode of the resonator
is excited through autoparametric resonance, effec-
tively attenuating the resonant amplitude. When the
excitation frequency satisfies a doubling relationship
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Fig. 10 Influence of beam damping &, on the response of the
25-cell ARMs. a and b The amplitudes of the base block and tip
block of each unit cell at the excitation frequency of 39.95 Hz.
The location X represents the position of the unit cell within the
metamaterial (X =25 corresponds to the output); ¢ The
response of ARMs with different damping ratios &, at the

with w;, the resonance peak is reduced to a valley,
forming a new nonlinear vibration attenuation region,
where the normalized amplitude is less than 1.
Consistent with the unit cell, the closer twice w, is
to j, the deeper the valley. Moreover, when the
excitation frequency is not proportional, the amplitude
of the resonance peaks outside the region is also
attenuated. A comparison reveals that the smaller the
deviation between the resonant frequency and twice
w,, the greater the attenuation of the resonant

0.000 0.005 0.010 0.015 0.020 0.025 0.030
Damping ratio &,

excitation frequency of 39.95 Hz; d Output amplitude of ARMs
with different damping ratios £, when resonant frequency does
not satisfy the doubling condition. The excitation frequencies
are 33.32 Hz, 37 Hz, 42.21 Hz, and 43.86 Hz, which corre-
spond to the different resonance peaks shown in Fig. 11b

amplitude. When the excitation frequency is near
w1, autoparametric resonance fails. The nonlinear
mode of resonators switches to the linear mode, which
produces a linear locally resonant bandgap.
Additionally, since the directions of motion of the
linear and nonlinear modes of the resonator are
perpendicular to each other, the addition of the
nonlinear mode does not increase the system’s eigen-

modes and therefore it does not produce new reso-
nance peaks.
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When the excitation amplitude is constant, the
vibration energy gradually decreases during transmis-
sion. Since the occurrence of autoparametric reso-
nance is related to the vibration amplitude of each unit
cell, if the amplitude of the resonator is too small, the
strength of nonlinearity is insufficient to drive the
nonlinear mode, ultimately failing to form a bandgap
like the LRMs. Next, the w5 is maintained at 20.01 Hz,
and the results for ARMs with different strengths of
nonlinearity are shown in Fig. 8c. From Case 4 to Case
6, n3 is equal to 22.46, 36.31 and 43.74 respectively.
By comparing the three cases, it can be found that the
stronger the nonlinearity, the range of nonlinear
attenuation can be widened and the depth of the valley
can be further increased. Besides, the suppression of
resonance peaks outside the attenuation region is also
improved.

Figure 9 shows the nonlinear response results of
ARMs at different resonance frequencies in Case 5.
When the excitation frequency is 39.95 Hz, the output
response corresponds to a stable periodic curve, and its
amplitude is significantly lower than the one of the
LRMs, as shown in Fig. 9a. Increasing the excitation
frequency to 45.42 Hz, which is the frequency that
does not satisfy the double condition, as shown in
Fig. 9b, the resonant amplitude is also effectively
reduced. Simultaneously, the Poincaré section
changes from a point to a closed orbit with several
self-crossings, indicating the quasi-periodic motion.
When the frequency deviation and vibration amplitude
further increase, as shown in Fig. 9c, the response
curve is more random, and the frequency in the power
spectrum becomes continuous. The destruction of the
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Fig. 11 Influence of the number of unit cells on the response. a
Optimal damping ratio ¢, of the beam and minimum output
amplitude at the excitation frequency of 39.95 Hz; b Frequency—
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torus in the Poincaré section shows that the system
becomes chaotic.

4 Parameter design of ARMs

To overcome the limitations of the excitation ampli-
tude and strength of nonlinearity of the metamaterial,
this section aims at maximizing the effect of autopara-
metric resonance in the ARMSs. Thus, it will be shown
in this section that by adjusting the damping ratio of
cantilever beam and the natural frequency of res-
onator’s nonlinear mode, the ARMs can achieve a
superior nonlinear suppression performance.

4.1 Effect of damping ratio

When the excitation amplitude and strength of non-
linearity are low, the nonlinear mode of the resonators
cannot be fully excited, resulting in a relatively large
output amplitude for the ARMs. The generation of
autoparametric resonance depends not only on the
strength of nonlinearity but also on the damping [56].
In this section, by maintaining other parameters
constant, a smaller output amplitude can be achieved
by adjusting the damping of the cantilever beam.
Firstly, the number of unit cells is set to 25, with
wijandw, of resonators are equal to 50 Hz and
20.01 Hz respectively. When the excitation frequency
is approximately twice w; (39.95 Hz), Fig. 10a illus-
trates the vibration amplitude of the base block of each
unit cell for various damping ratio of the beam. The
results indicate that with a higher damping ratio, the
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response curves of different metamaterials with 7 and 25 unit
cells. The red arrows indicate the effective elimination of
resonance peaks within this range
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Fig. 13 Frequency-response curves for different types of
metamaterials. The dark shaded region represents the linear
bandgap, while the light shaded region represents the nonlinear
bandgap. All three metamaterials consist of 40 unit cells, with
the resonator mass being identical

amplitude decreases rapidly along the metamaterials
but remains at a high level. Conversely, reducing the
damping ratio slows the rate of the amplitude reduc-
tion, resulting in a significant decrease in the final
output amplitude. Figure 10b illustrates the corre-
sponding amplitude of the tip block. A lower damping
ratio reduces the amplitude threshold required for the
resonators to activate the nonlinear mode, thereby
increasing the number of tip blocks oscillating within
the metamaterial. As shown in Fig. 10c, reducing the
damping ratio can increase the average amplitude of
the tip block and transfer more energy from the base
block to the tip block. Consequently, the output
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the stepped ARMs and gradient ARMs. The location X
represents the position of the unit cell within the metamaterial
(X = 40 corresponds to the output)

amplitude at the resonant frequency is further effec-
tively reduced. However, when the damping is too
low, the vibration of the tip block cannot be sustained,
causing energy to flow back to the base block, which
results in an increase in the output amplitude. There-
fore, it can be found that when the damping ratio is
reduced to its optimal value, the output amplitude
reaches its minimum.

Additionally, when the excitation frequency does
not satisfy the doubling condition, as shown in
Fig. 10d, reducing the damping ratio can also enhance
the suppression of the resonance peaks outside the
attenuation region. However, the corresponding
impact is relatively small.

4.2 Effect of the number of unit cells

The number of unit cells in metamaterials also affects
the suppression performance. When the excitation
frequency is 39.95 Hz, Fig. 11a illustrates the optimal
damping ratio and the corresponding output amplitude
with a different numbers of unit cells. It is observed
that increasing the number of unit cells reduces the
optimal damping ratio while achieving a substantial
reduction in the output amplitude. Figure 11b com-
pares the frequency-response results of the ARMs
with 7 and 25 unit cells at the optimal damping ratio.
The results indicate that when the excitation frequency
is within the nonlinear attenuation region, the 25-cell
ARMs exhibit a smaller output amplitude compared to
the 7-cell ARMs, with the minimum amplitude
reduced from 0.25 to 0.095. Furthermore, when the
excitation frequency does not satisfy the doubling
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condition, the resonant amplitude between the non-
linear attenuation region and the linear bandgap is
further effectively diminished.

4.3 Variable natural frequency

By optimizing the beam damping and the number of
cells, a smaller output amplitude can be achieved.
However, the range of the nonlinear attenuation region
remains restricted. In this section, the nonlinear
vibration attenuation regions and linear locally reso-
nant bandgap are combined to create a broadband
region for vibration suppression by adjusting the w; of
resonators.

First, the total mass and w; of the resonator remain
constant, while the w; is adjusted by varying the mass
ratio of the tip block to the bottom block. As illustrated
in Fig. 12a, the value of the w, decreases as the mass
ratio increases, while the nonlinear coefficient nj
remains almost unchanged (n3= 42.5). As shown in
Fig. 12b, the number of unit cells is set to 40, and the
w, are designed with stepped and gradient variations,
respectively. In both cases, the frequency intervals are
1.5 Hz and 0.15 Hz.

The frequency-response results of the different
types of metamaterials are depicted in Fig. 13. The
stepped and gradient designs can be interpreted as the
discretization and continuousization of the natural
frequency, respectively. Due to the nonlinear mode of
the resonators, the stepped and gradient ARMs both
exhibit the nonlinear vibration attenuation region at
twice w, and the amplitude of resonance peaks
outside the region is also reduced. However, the
vibration isolation effect of the stepped design still
requires improvement. Specifically, for the stepped
ARMs, the gap between the natural frequencies of the
nonlinear modes is relatively large. As a result, at
certain excitation frequencies, the number of nonlinear
unit cells responding in the system is relatively small,
leading to a larger output amplitude. Consequently,
some peaks may appear within the nonlinear bandgap.
In contrast, gradient ARMs feature smoothly arranged
natural frequencies @, within a certain frequency
range, which can effectively eliminate the peaks
present in the stepped ARMs. Each resonator in the
metamaterial fully utilizes the effect of autoparametric
resonance, and the nonlinear vibration attenuation
region successfully merges with the linear locally
resonant bandgap. Compared to the traditional LRMs,

@ Springer

the overall width of the attenuation region is widened
to 2.1 times of the original one.

5 Conclusion

To address the limitations of traditional linear locally
resonant metamaterials, a nonlinear locally resonant
metamaterial with autoparametric resonance charac-
teristics has been proposed, which can effectively
suppress the resonance peaks near the linear bandgap
region while retaining the original linear locally
resonant bandgap. Furthermore, several parameters,
such as the natural frequency, the strength of nonlin-
earity, damping, and the number of unit cells, have
been investigated to explore the effects on the
attenuation of resonance peaks. Some conclusions
can be drawn as follows:

(1) The resonator exhibits both linear and nonlinear
modes, where the linear mode generates a linear
locally resonant bandgap. When the excitation
frequency is twice the natural frequency of the
nonlinear mode, the autoparametric resonance
generates a low-frequency nonlinear vibration
attenuation region. The position and attenuation
characteristics of this region can be indepen-
dently adjusted by tuning the natural frequency
of the resonator.

(2) When the excitation frequency does not satisfy
the double relationship with the natural fre-
quency of the nonlinear mode, a large amplitude
of the resonance peak will induce an unsta-
ble response. The resonator’s oscillation
becomes quasi-periodic or chaotic, effectively
suppressing the resonant amplitude outside the
attenuation region. Besides, the smaller the
deviation between the two frequencies, the
stronger the suppression effect.

(3) Reducing the length of the cantilever beam can
increase the strength of nonlinearity of the
resonator, further enhancing the attenuation
capability.

(4) By utilizing a smaller beam damping and a
larger number of unit cells, the suppression
effect can be effectively enhanced, significantly
reducing the output amplitude of ARMs.

(5) The nonlinear vibration attenuation region and
the linear locally resonant bandgap can be
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merged by designing a gradient in the natural
frequencies of the resonators, thus greatly
broadening the vibration suppression range.

Our work demonstrates that the proposed nonlinear
metamaterial, without increasing the mass of the
resonator, simultaneously features a linear bandgap
and an independently adjustable nonlinear vibration
attenuation region. Such metamaterial also effectively
diminishes the resonant amplitude outside these
regions. Future research will focus on the investigation
of the exploitation of combination of other types of
nonlinearities and autoparametric resonance for the
sake of practically beneficial vibration suppression.
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Appendix

During the simulation, all structural entities were
modeled using the Planel83 element, including the
Euler—Bernoulli beam, while the linear spring was
modeled using the Combinl4 element. The mesh
elements of the cantilever beam were refined to ensure
the accuracy of the simulation results (Fig. 14). The
Beam188/189 elements were not selected because the
theoretical model neglects shear deformation effects.

The simulation applies transient dynamic analysis,
taking into account the large deformation of the beam.
The bottom of the system is fixed, and a force
excitation is applied to the base block. To align with
the theoretical model, the constraints on both the base
block and bottom block allow motion only along the
direction of the spring, ultimately yielding the sys-
tem’s steady-state output amplitude.
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